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Relative to a nondegenerate metric of signature (p,q), an algebraic curvature
tensor is said to be IP if the associated skew-symmetric curvature operator R(m)
has constant eigenvalues and if the kernel of R(m) has constant dimension on the
Grassmanian of nondegenerate oriented 2-planes. A pseudo-Riemannian manifold
with a nondegenerate indefinite metric of signature (p,q) is said to be IP if the
curvature tensor of the Levi-Civita connection is IP at every point; the eigenvalues
are permitted to vary with the point. In the Riemannian setting (p, q¢) = (0,m), the
work of Gilkey, Leahy, and Sadofsky and the work of Ivanov and
Petrova have classified the IP metrics and IP algebraic curvature tensors if the
dimension is at least 4 and if the dimension is not 7. We use techniques from
algebraic topology and from differential geometry to extend some of their results to

the Lorentzian setting (p,q) = (1,m — 1) and to the setting of metrics of signature

(p,q) = (2,m —2).
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CHAPTER I

INTRODUCTION

In differential geometry, the Riemann curvature tensor carries crucial geometric
information about the manifold. Because the full curvature tensor is quite com-
plicated, one often uses the curvature tensor to define natural endomorphisms of
the tangent bundle. The Jacobi, the Ricci, the Stanilov, the Szabd, and the skew-
symmetric curvature operators are such examples; we refer to §1.5 for further details.
Assume that one of these operators has constant eigenvalues on the appropriate do-
main; one wants to determine the possible underlying geometries. We shall focus
on the skew-symmetric curvature operator in the pseudo-Riemannian setting in this

thesis.

§1.1 Algebraic Curvature Tensors

Let M be a smooth connected manifold of dimension m. We assume there is
an indefinite nondegenerate metric gp; on the tangent bundle TM. Fix a point P
on the manifold M and let V := TpM. The metric gp; induces a nondegenerate
symmetric bilinear form on V. We can choose an orthonormal basis {v;} for V
so that gar(v;,v;) = 0 for i # j, so that gar(vi,v;) = —1 for ¢ < p, and so that
gm(vi,v;) =1 for i > p. Let ¢ = m — p be the complementary index; the metric gy,
is said to have signature (p,q); this is independent of the choices made. We shall
suppose henceforth that p < ¢ since we can always replace gy; by —gys and reverse

the roles of p and of q. M is called a pseudo-Riemannian manifold.
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Let O(p, q) be the group of all linear maps from V' to V' which preserve gj; and

let so(p, q) be the associated Lie algebra. We have:
O(p,q) = {A € End(V) : gpr(Au, Av) = gpr(u,v) Yu,v € V}, and
s0(p,q) = {A € End(V) : gpr(Au,v) + gar(u, Av) =0 Yu,v € V}.

1.1.1 The Riemann curvature tensor. Let V be the Levi-Civita connection on

TM and let the associated curvature operator R be defined by the identity:
R(z,y) :=VVy = V,Vy — Vi -

Then R:TpM ®r TpM — End(TpM) has the curvature symmetries:

R(JJ, y) = _R(y7 IL’),
(1.1.1.a) gv(R(z,y)z,w) = gu(R(z,w)z,y), and
R(z,y)z+ R(y, z)x + R(z,z)y = 0.

The equations displayed in (1.1.1.a) imply g (R(x, y)z, w) = —gp (R(z, y)w, 2).
Thus in particular, we have that R(x,y) € so(p, q).

1.1.2 Algebraic curvature tensors. We now go to a more general framework by
studying a purely algebraic problem and working with algebraic curvature tensors
- once the algebraic structure of these tensors has been investigated, we will then
study the corresponding geometric questions. We shall say that R € @*(TpM) is
an algebraic curvature tensor if the equations displayed in (1.1.1.a) are satisfied.
We note that the Riemann curvature tensor R of a manifold (M, gps) defines an
algebraic curvature tensor on TpM for every P in M; conversely, given a metric gp
on TpM and an algebraic curvature tensor Rp, there exists the germ of a metric gy,
on M extending gp so that Rp is the curvature tensor of gy, at P. Consequently

we conclude that every algebraic curvature tensor is geometrically realizable at P.
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Thus the study of algebraic curvature tensors is important in differential geometry.
We refer to Gilkey [44] and Osserman [72] for expository accounts of this field and
for a more detailed bibliography than can be presented here.

1.1.3 Definition. Let RP*? be the vector space of real (p + g)-tuples of the form

x = (21,..., Tp, Tpt1, ..., Tp+q) With the nondegenerate symmetric bilinear form g

+
9(2,y) = =30 myi + Zf:§+1 ;y; and |z[? == g(z, z).

By choosing a suitable orthonormal basis we may identify (V, gps) with (RP9, g).
Let m be a 2-plane in RP?. We say m is nondegenerate if the restriction of g to
7 is nondegenerate. Let {z,y} be a basis for m; 7 is nondegenerate if and only
if g(z,2)g(y,y) — g(z,y)* # 0. We say that 7 is a 2-plane of type (0,2), (1,1),
or (2,0) if the restriction of g to = has this signature. Let Gr(t’s)(Rp’q) be the
manifold of nondegenerate oriented 2-planes of type (r, s) in RP*? where r + s = 2.
Let Gry (RP'?) be the manifold of nondegenerate oriented 2-planes in RP*¢. Let LI

denote the disjoint union. We shall need the following decomposition later

Gri (RPY) = G’r‘(%g)(Rp’q) U Grf

(1 1)(Rlo’q) LI Grt

(2,0 (BPY).

§1.2 IP Algebraic Curvature Tensors and IP Metrics

1.2.1 The skew-symmetric curvature operator. Let {z,y} be an oriented basis

for 7 € Gry§ (RP?). We define the skew-symmetric curvature operator R(r) by

R(m) == |g(z, 2)g(y, y) — 9(z,y)*| "2 R(z,y);

R(m) is independent of the particular basis chosen. This operator was introduced

in the Riemannian context by Ivanova and Stanilov [61].
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1.2.2 Definition. An algebraic curvature tensor R is said to be IP if (a) R(m)
has constant eigenvalues on all 7 € Gry (RP'?) and (b) dim Ker R(7) is constant on
all 7 € Gry (RP7). A metric gy on a manifold M is said to be IP if R(r) is IP at
every point P € M; the eigenvalues are permitted to depend on P € M.

1.2.3 Remark: In Definition 1.2.2, for p > 0, we do not have an orthogonal
direct sum decomposition of RP'? into Ker R(w) and Range R(m). This phenome-
non is caused by the Jordan normal form associated with the zero eigenvalues of
R(7). So R(7) having constant eigenvalues on all 7 € Gry (RP?) does not imply
rank R(7) is constant on all 7 € Gry (RP?). This is a crucial distinction between
the Riemannian setting and the pseudo-Riemannian setting. But by condition (b),
we have dim Range R(7) = p + ¢ — dim Ker R(7) is constant on all 7 € Gry (RP*9).
Thus rank R := rank R(7) is a well defined constant on all 7 € GrJ (RP»9). A precise
replacement of condition (a) in Definition 1.2.2 is given in Theorem 2.1.1, this uses
unpublished work of Gilkey.

IP algebraic curvature tensors and IP metrics were first studied by Ivanov and
Petrova [59] in the context of four dimensional Riemannian geometry. Subsequently
Gilkey [45], and Gilkey, Leahy and Sadofsky [48] classified the IP algebraic curvature
tensors and IP metrics in the Riemannian setting except in dimension 7; some partial
results regarding dimension 7 can be found in Gilkey and Semmelman [49].

1.2.4 Definition. Let C be a nonzero constant and let ¢ be a linear map of RP-9.
(C, ¢) is said to be an admissible pair if ¢* = ¢ -id and if g(¢(u), d(v)) = € - g(u,v)
where e = +1. If e = 1, then ¢ is said to be an unipotent (of order 2) isometry; if
e = —1, then ¢ is said to be a unipotent (of order 4) para-isometry. If (C, ¢) is an

admissible pair, we define

Reo(w,y)z = C{g(d(y), 2)p(x) — g(d(z), 2)p(y) }-
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We remark that e = —1 is only possible when p = ¢. Later in §1.4, Theorem D
asserts that Rc 4 is an IP algebraic curvature tensor.
1.2.5 Note: If ¢ is the identity map, then Rc := Rc 4 has constant sectional

curvature C since the sectional curvature (7, R¢) is given by

Re(z,y,y, ) _
g(a,2)9(y, y) — g(z,y)?
1.2.6 Constant sectional curvature manifolds. Let r > 0. Let

S, (RP9) := {v € RP?: [v]* =r?}, an

K(m,R¢c) :==

H.(RPTHa71 .= fy € RPFLI7L: )2 = %)

be the pseudo-Riemannian spheres and the hyperbolic spaces. These are complete
pseudo-Riemannian manifolds of signature (p, ¢) which have constant sectional cur-
vatures r~2 and —r~2 respectively; we refer to Wolf [90] and O’Neill [71] for further
details. The following theorem characterizes constant sectional curvature manifolds
in the pseudo-Riemannian setting up to local isometry; we refer to [90] for the proof
of the theorem.

1.2.7 Theorem. Let M be a pseudo-Riemannian manifold of signature (p,q)
with p+q > 2. Let IC be a real number. The following conditions are equivalent.
(1) M has constant sectional curvature K.

(2) Ifx € M, then there exist local coordinates {x;} on a neighborhood of x in which

the metric is given by

2 _ > i - daf
{1+ 52 e af)?
(3) If x € M, then x has a neighborhood which is isometric to an open set on some

S.(RP9) if K >0, RP? if K = 0, H,(RP) if K < 0.

ds where ¢; = £1.

We shall need another well known result about the pseudo-Riemannian spheres
later in Chapter Five. We omit the proof of the theorem; again we refer to [90, 71]
for details.

1.2.8 Theorem. Letp > 0 and ¢ > 1. We have that S(RP'?) := S1(RP9) is
diffeomorphic to RP x S971.



§1.3 The Classification of IP Manifolds in the Riemannian Setting

In this section, we review previous work of [45], [48], and [59] on the classification
of IP algebraic curvature tensors and IP metrics in the Riemannian setting. The
following result classifies IP algebraic curvature tensors in the Riemannian setting
if m=5,6 or if m > 8:

1.3.1 Theorem (Gilkey [45], Gilkey, Leahy and Sadofsky [48]) Let R be an IP
algebraic curvature tensor. Assume that (p,q) = (0,m). Let m > 5.

(1) If m # 7, then rank R < 2.
(2) Ifrank R = 2, then there exists an admissible pair (C, ¢) with ¢ an unipotent

(of order 2) isometry of R®™ so that R = R¢. 4.

The four dimensional case is exceptional. We have the following classification
in the Riemannian setting if m = 4:

1.3.2 Theorem (Ivanov and Petrova [59]) Let R be an IP algebraic curvature
tensor. Assume that (p,q) = (0,4).

(1) If rank R = 2, then there exists an admissible pair (C,¢) with ¢ an unipotent

(of order 2) isometry of R®* so that R = Rc 4.

(2) Ifrank R =4, then R is equivalent to a nonzero multiple of the “exotic” rank 4
tensor:
Ri212 = 2, Ri313 = 2, Rig14 = —1, Rogoq = 2, Roza3 = —1,
Rs434 = 2, Rioga = —1, Rigoa =1, Rige3 =2

Theorems 1.3.1 and 1.3.2 classify the IP algebraic curvature tensors if m > 4
and if m # 7. The corresponding classification of IP metrics is provided by the
following result:

1.3.3 Theorem (Gilkey [45], Gilkey, Leahy and Sadofsky [48]; Ivanov and Petrova

[59]) Let M be an IP Riemannian manifold of dimension m. Assume m > 4. If
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m = 7, we further assume rank R = 2. FEzactly one and only one of the following
assertions is valid for M :
(1) M has constant sectional curvature.

(2) M is locally a warped product:
ds3, = dt* + f(t)ds%

of an interval I with a Riemannian manifold N of dimension m — 1 which has
constant sectional curvature KC # 0. Furthermore, the warping function f is
given by

f(t) = Kt* + At + B,

where A and B are auziliary constants so that 4K B — A? # 0 and that f(t) > 0

1$ a smooth function defined on I.

We sketch the proofs of Theorem 1.3.1 and Theorem 1.3.3 in the following
three steps for m # 4; the case m = 4 does not follow this pattern and is handled

separately.

Step 1: (Algebraic topology) Let R be an IP algebraic curvature tensor. Let
Wo(R(7)) and Wi (R(7)) be the kernel and the range of R(w) for m € Gry (R*™).
Since R(m) has constant rank on Gry (R%™), W;(R(r)) define vector bundles over
Gry (R®™). Since R(—m) = —R(nw), Wi(R(—n)) = W;(R(r)). Thus these bundles
descend to define vector bundles V; over the unoriented Grassmannian Grg(RO’m)
and over the real projective space RP™ ™2 C Gr (R%™). The cohomology algebras
of Gra(R%™) and RP™™? and the K-theory of RP™ 2 play an important role in
the analysis; this uses work of Adams [1] and Borel [18]. One studies the Stiefel-
Whitney classes of the bundles V; to show that dimV; = dim Wi (R(w)) < 2 if
m = 5, m = 6, or m > 9; this restricts the eigenspace structure and shows that
R(7) has rank 2 if R # 0. The cases m = 7, 8 are exceptional, but some information

on the eigenspace structure can be obtained.
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Step 2: (Linear algebra) The map R(w) takes values in so(m). By Step 1, if R is
nontrivial, we may assume that R(7) has constant rank 2; Theorem 1.3.1 can then
be established using fairly standard techniques; the fact that R has rank 2 is crucial
to these arguments. We shall give a different proof from that given in [48] in chapter

V, as the proof given in [48] does not extend to the pseudo-Riemannian setting.

Step 3: (Differential geometry) Let R be an IP metric. One uses Theorem 1.3.1 to
construct an isometry ¢ of the tangent bundle with ¢? the identity. Let F1 be the
distributions defined by the +1 eigenspaces of ¢; these are orthogonal. One uses
the second Bianchi identity to show these distributions are integrable and to show

that one of them has dimension 1. Theorem 1.3.3 then follows.

1.3.4 Remark: Theorem 1.3.1 and Theorem 1.3.3 show that not every IP alge-
braic curvature tensor is geometrically realizable by an IP metric; R¢ ¢ is geomet-
rically realizable by an IP metric which does not have constant sectional curvature

if and only if one of the eigenspaces of ¢ has dimension 1.

§1.4 Main Results of the Thesis

The results discussed in §1.3 are in the Riemannian setting where (p, ¢) = (0, m);
the fact that the metric in question is positive definite is used at several crucial
points in the argument. We shall extend these results to the Lorentzian setting
(p,q) = (1,m—1) if m > 10. We shall also obtain some partial results in the higher
signature setting.

1.4.1 Definition. Let Wy(R(w)) := Ker R(m) and let W1 (R(7)) := Range R(7).
An algebraic curvature tensor R is said to be spacelike (or timelike) if W1 (R(7)) is
spacelike (or timelike) for every spacelike 2-plane 7. If R is a rank 2 IP algebraic

curvature tensor, then R is said to be mized if W1 (R(m)) is of type (1, 1) for every
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spacelike 2-plane 7; R is said to be null if W1 (R(7)) is a degenerate 2-plane for
every spacelike 2-plane m and R(7) has only the zero eigenvalue. We note that in
the Lorentzian setting a degenerate 2-plane is spanned by a spacelike vector and a
null vector. We shall use this fact later in chapter IV.
We can now state the seven main results of the thesis.
Theorem A. Let R be an IP algebraic curvature tensor on RP9.
(1) Ifp=1 and if ¢ > 9, then rank R < 2.
(2) If p =2 and if ¢ > 11, then rank R < 4. Furthermore, if ¢ and 2 + q are not
powers of 2, then rank R < 2.
(3) There exists a rank 4 IP algebraic curvature tensor if (p,q) = (2,2).
Theorem A bounds the rank of an IP algebraic curvature tensor. In the rank 2
Lorentzian setting, we have a trichotomy:
Theorem B. Let R be a rank 2 Lorentzian IP algebraic curvature tensor and let

m > 4. FEzxactly one and only one of the following assertions is valid for R:

(1) For all m € Grf

(0’2)(R1’m_1), we have that W1 (R()) is spacelike and that R(r)

has two nontrivial purely imaginary eigenvalues. Thus R is spacelike.

(2) For all w € Grz(”)’Q)(Rl’m_l), we have that W1(R(7)) is of type (1,1) and that
R(m) has two nontrivial real eigenvalues. Thus R is mized.

(3) Forallm e Graz)(Rl’m_l), we have that W1 (R()) is degenerate with a positive
semi-definite metric and that R(m) has only the zero eigenvalue. Thus R is
null.

Theorem B shows the trichotomy of rank 2 Lorentzian IP algebraic curvature
tensors. The following theorem asserts that most rank 2 Lorentzian IP algebraic
curvature tensors are spacelike.

Theorem C. Assume that m > 4. Let R be a rank 2 Lorentzian IP algebraic

curvature tensor.
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(1) If R is mized, then m =4, 5, 8, or 9.

(2) If R is null, then m =5 or 9.

We have the following classification of rank 2 IP algebraic curvature tensors
which are spacelike or timelike with certain dimensional restraint.

Theorem D.

(1) If (C,¢) is an admissible pair, then Rc g is a rank 2 IP algebraic curvature
tensor which is spacelike if € =1 and timelike if e = —1.

(2) Let R be an IP algebraic curvature tensor on RP4. Suppose that ¢ = 6 or that
q > 9. Suppose that R is spacelike or timelike and that R has rank 2. Then
there exists an admissible pair (C, ¢) so that R = Rc 4.

Let ¢ be an unipotent (of order 2) isometry of R”9. Let r4(¢) be the associated
dimensions of the +1 eigenspaces of ¢. The following theorem shows that not every
IP algebraic curvature tensor is geometrically realizable by an IP metric:

Theorem E. Assume m > 4. If (M, gyr) is an IP pseudo-Riemannian manifold
and if the curvature tensor R at a point P € M 1s given by Rc ¢ for some admissible
(C, ), thenry(¢) <1 orr_(¢) <1.

We now generalize the construction of IP metrics given in Theorem 1.3.3.

Theorem F. Let ¢ = +1. Let I C R be a connected open interval. Let N be the
germ of a pseudo-Riemannian manifold of constant sectional curvature KC # 0. Let
A and B be auziliary constants so that AK B—e A% # 0 and that f-(t) := eKt?*+At+B
is a smooth nonzero function on I. Let M := I x N and let gy := edt®> + f.(t)gn-.
Then gnr @s a rank 2 IP metric on M.

As a consequence of Theorems D, E, and F, we have the following classification
of IP algebraic curvature tensors and rank 2 IP metrics in the Lorentzian setting
for m > 10.

Theorem G. Assume that m > 10.
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(1) Let R be an IP algebraic curvature tensor on RY™~1. R is nontrivial if and
only if there exists an admissible pair (C,¢) with ¢ an unipotent (of order 2)
isometry of R4™~1 so that R = Rc 4.

(2) If gr is a rank 2 Lorentzian IP metric, then exactly one and only one of the
following assertions is valid for gns:

(2a) g is a metric of constant sectional curvature C # 0.
(2b) gar is locally isometric to a warped product metric of the form given in
Theorem F.

1.4.2 Outline of the thesis. In chapter I, we prepare the necessary background
material from analysis and algebraic topology for our later studies. In §2.1, we use
unpublished work of Gilkey to prove Theorem 2.1.1. We also establish a technical
lemma relating the two Lie algebras so(p,q) and so(p + ¢). In §2.2, we study the

topology of the Grassmannians G’r’(t 5)

(RP9) and Gr(, ) (RP?). In §2.3, we define
the Stiefel-Whitney classes of a real vector bundle and introduce some results from
of K-theory. We recall the calculation of KO(RP™) due to Adams [1]. This will
play a crucial role in bounding the rank of IP algebraic curvature tensors. In §2.4,
we recall the calculation of H*(Gra(R™); Z2) due to Borel [18]. We also introduce
the Steenrod squares. In §2.5, we introduce the splitting principle and apply this
principle to prove some technical lemmas which are used to determine the possible
forms of the Stiefel-Whitney classes of certain vector bundles. In §2.6, we establish
two important lemmas. The first lemma determines for what values of ¢, there
exists a nonsingular bilinear map from R? x RY to R9*t!. The second lemma is a
continuity result which is needed later in chapter V.

In chapter III, we prove Theorem A by bounding the rank of IP algebraic
curvature tensors in some cases. In §3.1-3.2, to study the rank, we introduce certain

vector bundles over the Grassmannians and the real projective spaces so that they
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encode much of the information about R(7). Our approach is analogous to Step 1 in
§1.3. The works of Adams [1], Borel [18], Gilkey, Leahy and Sadofsky[48], and Stong
[84] play important roles in our discussion. This will prove Theorem A (1) and the
first part of Theorem A (2). In §3.3-3.4, we complete the proof of Theorem A (2).
In §3.5, we investigate some lower dimensional cases in the Lorentzian setting. In
§3.6, we prove Theorem A (3).

In chapter IV, we prove Theorems B and C. In §4.1, we establish the trichotomy
of rank 2 Lorentzian IP algebraic curvature tensors; this proves Theorem B. In §4.2,
we assume R is mixed or null and use the first lemma established in §2.6 to show
that ¢ = 3, ¢ =4, ¢ =7, or ¢ = 8. Once again algebraic topology plays a crucial
role in our analysis. This proves Theorem C (1). In §4.3, we complete the proof
of Theorem C by ruling out the exceptional cases ¢ = 3 and ¢ = 7 (i.e. m =4 or
m = 8) if R is null.

In chapter V, we prove Theorems D and G (1). This chapter serves an analogous
role in Step 2 of §1.3. In §5.1, we begin with some algebraic preliminaries. In §5.2,
we prove the “common axis” lemma and then construct the admissible pair (C, ¢)
so R = Rc,4. In §5.3, we prove Theorems D and G (1).

In chapter VI, we prove Theorems E and F and we complete the proof of
Theorem G. Our approach is analogous to Step 3 in §1.3. In §6.1, we prove Theorem
E. We follow the argument given by Gilkey, Leahy and Sadofsky [48]; the second
Bianchi identity enters at a crucial stage of the argument. In §6.2, we generalize
the warped product construction of Gilkey, Leahy and Sadofsky, and of Ivanov and
Petrova to higher signatures to prove Theorem F. In §6.3, we first show any C-¢
type metric is a warped product of an interval with a metric of constant sectional

curvature. We subsequently complete the proof of Theorem G in the seven steps:
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Step 1: Theorem A (1) implies the associated Lorentzian algebraic curvature tensor

R has rank at most 2.

Step 2: Theorem B implies either R is spacelike or R is mixed or R is null.
Step 3: Theorem C shows R is not mixed or null. Thus R is spacelike.
Step 4: Theorem D shows R is of C-¢ type.

Step 5: By replacing ¢ by —¢ if necessary, we may suppose r, < r_. By Theorem
E, either vy =0 or ry = 1. If r; = 0, then M™ has constant sectional curvature

C. We therefore assume that ry = 1. Thus gj; is a metric of C-¢ type.

Step 6: By the technical lemma at the beginning of §6.3, any C-¢ type metric is a

warped product of an interval with a metric of constant sectional curvature.

Step 7: Theorem F shows if (M, gps) is a warped product metric of an interval with
a metric of constant sectional curvature, then (M, gps) has the desired form. This
completes the classification. In §6.4, we discuss the orthogonal equivalence of the
curvature tensors R¢ 4.

1.4.3 Future research. We have classified the IP algebraic curvature tensors and
IP metrics in the Lorentzian setting if m > 10. We plan to use the second Bianchi
identity to study the appropriate integrability results and prove every rank 2 IP
metric is locally isometric to one of the metrics constructed in Theorem F in the
higher signature setting. The possible existence of rank 2 mixed or null Lorentzian
IP algebraic curvature tensors still needs to be explored in certain exceptional di-
mensions. We also will pursue the classification of IP algebraic curvature tensors
in higher signatures. We will study whether or not there exist “exotic” IP alge-
braic curvature tensor of rank 4 when (p,q) = (1,3). We will also study whether
or not there exist “exotic” IP algebraic curvature tensor of rank 4 arising from the

unipotent (of order 4) para-isometry when (p, q) = (2, 2).
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§1.5 Other Operators

We conclude chapter I by giving a brief summary of some related results. We
follow the discussion given in [44] on these topics.

1.5.1 The Jacobi operator. Let R be the curvature of a connected Riemannian
manifold M of dimension m. If x is a unit tangent vector, let Jr(z) : y — R(y,x)x
be the Jacobi operator. The Jacobi operator is an essential ingredient in the study
of Jacobi vector fields, geodesic sprays and conjugate points. If M is a local 2-point
homogeneous space, then the local isometries of M act transitively on the bundle
of unit tangent vectors so the Jacobi operator has constant eigenvalues. Osserman
conjectured [72] that the converse might hold. Chi [25] showed this to be the case if
m is odd, if m = 2 mod 4, or if m = 4; the case m = 4k + 4 for k > 1 remains open
in this conjecture. Recently Rakié¢ [76] has established a duality result showing:

1.5.2 Theorem (Raki¢) Let R be an Osserman algebraic curvature tensor and
let x and y be unit vectors. If Jr(x)y = Ay, then Jr(y)xr = Az.

There is an analogous duality for the skew-symmetric curvature operator as we
shall see in Remark 5.3.3 in chapter V.

It is also known that a Lorentzian Osserman algebraic curvature tensor has
constant sectional curvature, we refer to Blazi¢, Bokan, Gilkey, and Rakié¢ [9], and
Garcia-Rio, Vézquez-Abal and Vazquez-Lorenzo [38]. The situation in the higher
signature setting is much more complicated. For example, there exist Osserman
pseudo-Riemannian metrics which are not homogeneous; see the survey article [10]
for further details.

1.5.3 The Stanilov operator. Ivanova and Stanilov [61] defined a higher order
generalization of the Jacobi operator. Let Gr,(R™) be the Grassmannian of unori-

ented p-planes in R"”. We define:

Jrip(m) = f$€ﬂ:|x|:1 Jr(x) dz.
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Let {x;}}_; be an orthonormal basis for 7. Then, modulo a suitable normalizing

constant which plays no role, we have that

JRip(T0) i= Z Jr(x;).

This sum is independent of the orthonormal basis chosen. An algebraic curvature

tensor R is said to be p- Osserman if the eigenvalues of Jg., are constant on Gr,(R™);

similarly, a Riemannian manifold (M, g) is said to be p-Osserman if the eigenvalues
of Jg., are constant on Gr,(T'M™). If R is p-Osserman, then R is Einstein and

(m — p)-Osserman; see [47] for details. One has a complete classification result [43].
1.5.4 Theorem (Gilkey [43]) Let 2 < p < m — 2.

(1) Let R be a p-Osserman algebraic curvature tensor. If m is odd, then R has
constant sectional curvature. If m is even, then either R has constant sectional
curvature or there exists an almost complex structure ¢ on R™ so that R = A\.R.
with Re(z,y)z = g(y, cz)cx — g(x, cz)cy — 2g(x, cy)cz.

(2) Let (M™,g) be a p-Osserman Riemannian manifold. Then (M™,g) has
constant sectional curvature.

1.5.5 The Szabo operator. If x is a unit tangent vector, then the Szabé Operator

is defined by Sg(z) : y — (V.R)(y,z)x. This operator is self-adjoint. Szabd [85]

proved the following result:

1.5.6 Theorem (Szabé [85])
(1) If Sg has constant eigenvalues on S™~1, then VR = 0.
(2) Let (M™,g) be a Riemannian metric so that Sg has constant eigenvalues on

S(TM™). Then (M™,g) is a local symmetric space.
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CHAPTER II

SOME ANALYTICAL AND TOPOLOGICAL

BACKGROUND MATERIAL

In chapter II, we present some basic background material and prove some basic
lemmas we shall need later. Here is a brief outline of chapter II. In §2.1, we follow
the argument due to Gilkey to show that for R IP, the eigenvalues of R(7) are
independent of the plane type of w. This permits us to change the domain of R. In
Lemma 2.1.2, we show there exists a rank preserving linear isomorphism between
the two Lie algebras so(p,q) and so(p + ¢). So from the rank point of view, this
permits us to change the range of R. We shall need these facts in chapter III when
we rephrase the problem in the language of vector bundles. In §2.2, we study the
topology of the Grassmannians G’r‘(t’s)(Rp’q) and Gr(, s (RP?). In §2.3, we define
the Stiefel-Whitney classes of a real vector bundle. We recall the calculation of
the real K-theory groups of RP"™ due to Adams [1]. In §2.4, we recall the work of
Borel [18] on H*(Gra(R™); Z2). We also introduce the Steenrod squares. In §2.5, we
introduce a very important computational tool for characteristic classes in Theorem
2.5.5 (The splitting principle). Lemmas 2.5.7, 2.5.8, and 2.5.9 are applications of

the splitting principle. In §2.6, we establish two important technical lemmas which

are needed in chapter IV and chapter V.
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§2.1 The Eigenvalues of IP Algebraic Curvature Tensors

2.1.1 Theorem. Let R be an algebraic curvature tensor. The following conditions
are equivalent:
(1) R has constant eigenvalues on all m € Grz672)(Rp’q). (Assume ¢ > 2).
(2) R has constant eigenvalues on all w € Gr(ﬁ’l)(Rp’q). (Assume p > 1 and ¢ > 1).
(3) R has constant eigenvalues on all w € G’r’ao)(Rp’q). (Assume p > 2).

Furthermore R has constant eigenvalues on the set of nondegenerate 2-planes.

Proof. The following argument is due to Gilkey. Let
F(RP) := {(u,v) € R x BP9 g(u, uw)g(v, v) — g(u,v)? # 0}

be the set of frames for the nondegenerate 2-planes in RP*4. We can decompose:

Gri (RP9) = Gr(*(;’z)(RPaq) U] Gral)(Rp,q) ] Grao)(Rp,q), -

Fo(RP?) = Fg2)(RP7) U F(1,1y(RP) U Fg,0)(RP?).
The frames in F{, o) (RP?) span oriented 2-planes of type (r,s) in Gras)(Rp’q). If
(u,v) € Fo(RP?), let w(u,v) be the oriented 2-plane spanned by v and v. The map
7 : Fp(RP9) — Gry (RP9) is a principal bundle with structure group GL3 (R). Let

R?(u,v)
g(u, u)g(v, U) - g(u, U)Q .

a(u,v) := Rz(w(u,v)) =

The eigenvalues of R(7) are constant on Gry (RP'9) if and only if the eigenvalues
of a(u,v) are constant on Fy(RP). Let C;(u,v) := Tr{a(u,v)'}; the eigenvalues of
a(u,v) are constant on Fy(RP?) if and only if the functions C;(u,v) are constant
on Fy(RP9).

We complexify and extend the tensors R and g to the tensors R, and g. which are
complex and multilinear. The role of (p, q) of course disappears once we complexify.

We use R. to define an associated curvature operator

Re(z1,22) : @*(CPF1) — Myp1q(C)
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which satisfies the defining identity:

9e(Re(21, 22)23, 24) = Re(21, 22, 23, 24).

We complexify to define
Fy = {(21,22) € CPT9 x O : go(21, 21)ge(22, 22) — ge(21, 22)* # 0}, an
R(z1, 22)

9e(21, 21)9c(22, 22) — ge(21, 22)?

ac(z1, 22) 1= on FY.

We note that F¥ is a nonempty connected open dense subset of the complex vector
space CPTe x CPtd = O2(P+a); we refer to Gunning and Rossi [55] for details. If
m C CP%4 is closed under addition and under scalar multiplication by R and if 7
has R dimension 2, then 7 is said to be a real 2-plane in CP14.

Let {u;,v;} for i = 1,2 be two R bases for a real 2-plane 7. We must show
that if (uy,vy) € FS, then (ug,vy) € FS and ac(ur, v1) = ac(ug,v2). We argue as
follows. Choose constants a,b,c,d € R with ad — bc # 0 so us = auy + bvy; and so
vo = cuy + dvy. Since (uy,v;) € FY, we have ge(uy, u1)ge(vi,v1) — ge(uy,v1)? # 0.
We compute:

9e(uz, u2)ge(va,v2) — ge(uz, v2)”

= gc(auy + bvy, auy + bvy)ge(cuy + dvy, cuy + dvy) — ge(aug + buy, cug + dv1)2

= (ad — be)*{ge(u1, u1)ge(v1,v1) = ge(ur, v1)*} # 0.
Thus we have (uz,v2) € FY. Similarly, we compute a.(uy,vi) = ae(ug, vo).

We say that a real 2-plane 7 in CP™Y is nondegenerate if there exists a R basis
(u,v) € F§ for 7; this is independent of the basis chosen as noted above. Note that
not every real 2-plane is nondegenerate. We let a.(7) := a.(u,v) be this common
value. We extend C; to the complexification by defining C;(u,v) := Tr{a.(u,v)'};

C; are holomorphic functions on FQC . Note that

FZC N RP1 = Fg(Rp’q) = F(O,Q) (Rp,q) |_| F(l,l)(Rp’q) |_| F(2,0) (Rp,q).
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If F(, s (RP?) is nonempty and if C; are constant on F{, ;(RP9), then the holo-
morphic functions C; are constant on the nonempty open subset F(, ) (RP?) of
F{. Since the nonempty subset F of C?(P+9) is open and connected, the iden-

tity Theorem asserts that C; are constant on the whole domain F§’ and hence on

Fy(RP9). O

For simplicity, we shall henceforth use so(m) for s0(0, m) and use R™ for R%™.
We shall need the following technical result.
2.1.2 Lemma. There exists a rank preserving linear isomorphism T from so(p, q)

to so(p+q).

Proof. As noted in §1.1.3, we can choose coordinates = (1, ..., Zp, Tp+1, .-, Tp+q)

on RP9 so that

2

g(z,x) = —x7 — ... _$12)+':’712>+1 4ot a2?

p+q-

Let g. be the standard Euclidean metric. Let

T(X1, ey Tpy Tpt1s ooy Tptg) = (—T15 ooy —Tp, Tp1s ooy Tptq)-

T is self-adjoint with respect to the inner product g., T2 is the identity. Furthermore
we have g(u,v) = ge(u, Tv) = ge(Tu,v).
The following assertions are equivalent:
1) We have A € so(p, q).
2) We have g(Au,v) + g(u, Av) = 0 for all u,v.

(1)
(2)
(3) We have g.(Au,Tv) + ge(u, T Av) = 0 for all u,v.
(4) We have g.(T Au,v) + ge(u, T Av) = 0 for all u,v.
()

5) We have TA € so(p + q).
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This chain of equivalences shows that the map 7 : A +— T A is a linear isomor-

phism between so(p, ¢) and so(p + q); since T is invertible, rank A = rank T A. [

2.1.3 Definition. We say that a continuous map R : Gry (RP?) — so(u,v) is
admissible if R(—7) = —R(w) and if rank R(7) is constant on Gry (RP*9). Similarly a
continuous map R : S™ — so(u,v) is admissible if R(—v) = —R(v) and if rank R(v)
is constant on S™. We let rank R(7) = r be this constant in this setting. Note that
if R is an IP algebraic curvature tensor, then the map = — R(7) is an admissible
map R from Gry (RP9) to so(p, q).

The following lemma is an immediate consequence of Lemma 2.1.2; it permits
us to pass from the Lie algebra so(p, ¢) to the Lie algebra so(p + ¢q).

2.1.4 Lemma.

(1) The following assertions are equivalent:
(1a) There is an admissible map from Gry (RP?) to so(p,q) of rank r.
(1b) There is an admissible map from Gry (RP9) to so(p + q) of rank r.
(2) The following assertions are equivalent
(2a) There is an admissible map from S™ to so(p,q) of rank r.

(2b) There is an admissible map from S™ to so(p + q) of rank r.

§2.2 The Topology of the Grassmannians

The oriented Grassmannian Gr3 (RP:?) and the corresponding unoriented Grass-

mannian Gry(RP'?) will play important roles in our study. We decompose

Gri (RP?) = Gr

(0,2)(B"%) U Grf,

(1.1) (B9 U Gr,

5oy (RP0), an

G’T’Q(Rp’q) = G’I“(O’Q) (Rp’q) |_| G’I"(l’l)(Rp’q) |_| G’I“(Q’O) (Rp,q)'

These spaces are noncompact if p # 0. We show in this section that Gr o) (RP9)

and Gr(1,1)(RP?) strongly deformation retract to compact submanifolds.
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If0#x € RP and if 0 #£ y € R?, we let

n(x,y) = Span{(z,0), (0.)} € Gr,1) (RP).

The map (z,y) — 7(x,y) extends to define an inclusion
(2.2.0.a) it RPP™!' x RPI™" — Gr(y 1)(RP).

For m € Grei1)(RPY), let SE(r) := {v € m : g(v,v) = +1} denote the set of
spacelike and timelike unit vectors. If v is a nonzero vector, we shall let (v) denote
the associated point in projective space. Our first goal is to construct a retract
r: Gr(y 1) (RP9) — RPP™! x RPI™1
2.2.1 Lemma. Let m € Gr(y,1)(RP9).
(1) The function g.(u,u) on ST () is minimized by exactly two vectors +PT.
(2) The function g.(u,u) on S™(7) is minimized by exactly two vectors =P~ .
(3) Let P* = (z%,y*). The maps ¢~ :m — (x7) and ¥+ : m — (yT) are smooth
maps from Gr 1y (RP?) to RPP™! and RPT.
(4) The map r =~ x ™ is a retract to the inclusion i defined in equation

(2.2.0.a).

Proof. Let g™ and g7 denote the restrictions of the indefinite metric g and the
Euclidean metric g. to m; these are nondegenerate quadratic forms and g is positive
definite. We can diagonalize g™ with respect to g7. We define an endomorphism
A™ by g™ (u,v) = g7 (A™u,v). Then A™ is symmetric with respect to ¢g7; since g™
is indefinite, A™ has eigenvalues AT which have opposite signs. We can therefore
diagonalize A™; this permits us to choose orthogonal unit vectors v with respect

to the metric g7 so that if v = a vY +a_v", we have

ge(v,v) = a3 +a? and g(v,v) = ATa% — A\"a?.
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Thus v € S*(m) if (\/ATas)? — (y/ATa_)? = +£1; this identifies S*(7) with two
hyperbolas in R? and the points closest to the origin with respect to the Euclidean
metric are +P¥ := +v7 /,/AT; assertions (1) and (2) now follow.

If m € Grg 1) (RP?), let pr be orthogonal projection with respect to the metric
ge on m and let O(m) be a sufficiently small neighborhood of 7 in Gr(y 1)(RP?) so
that p, is an isomorphism from 7 to 7 for 7 € O(w). We use the isomorphism p,
to pull back the metrics ¢” and ¢] to m and to regard them as a smoothly varying
family of metrics on m parameterized by 7 € O(7). Since the eigenvalues A7 have
opposite signs, we can choose the diagonalizations and corresponding eigenvectors
to be smooth functions of 7; pulling back these eigenvectors to T using p,! then
shows that the vectors P¥(7) can be chosen to vary smoothly with 7 at least locally.
The maps 7 — P~ — 2~ and m — P+ — yT are smooth. This construction is well
defined locally; globally, of course, there is no way to distinguish P from —P, i.e.
2~ and yT can not be defined globally. However, this indeterminacy vanishes once
we pass to the associated projective space, assertion (3) follows. The final assertion

is an immediate consequence of the definitions we have given in (2.2.0.a). O

2.2.2 Remark: We can also think of this process geometrically. Let O be a small
open set in Gr(; 1)(R”?). Choose a frame {vy,v2} for 7 € O which is orthonormal
to the reference metric g.. This choice of frame permits us to view the metric g
as a varying family of indefinite quadratic forms on R? which varies smoothly and
which is parameterized by O. The equations g™ (v,v) = +1 define smoothly varying
families of hyperbolas and the unique points closed to the origin are the points =P+
in question.

Let Gry(RY) := Gry (R%") and let Gro(RY) := Gro(R%"); these are smooth

closed manifolds. We use the canonical inclusions R? «— RPY9 = RP @ R? and
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RP — RP?7 = RP @ RY to define canonical embeddings

Gry (RY) — Grt

© 2)(Rp’q) an G’r’;(Rp) — Grf

bo) (RP9).

Let Zo @ Zs act on SP~1 x S971 C RP x R1 = RP9. Let
S(p,q) = (8771 x S71)/Zy
be the quotient by the diagonal action of Z5; note that
RPP™1 x RPUY = (SP71 x 8971 /(Z, @ Zy).

Let (u,v) be an element in SP~! x S971. Let (u,v) denote the associated point in
S(p, q). We can also embed S(p, q) — Gr(ﬁ’l)(RP’q) by (u,v) — Span{u,v}.

2.2.3 Theorem.

We have Gry (RY) is a strong deformation retract of GT(%Q)(RP’(])'

We have Gra(R?) is a strong deformation retract of Gr g 2)(RP9).

We have RPP~! x RP1™! is a strong deformation retract of Gra,(RP?).

We have Gry (RP) is a strong deformation retract of Gr; . (RP9).

(1)

(2)

(3) We have S(p,q) is a strong deformation retract of Gral)(Rp’q).
(4)

(5) (2.0

(6)

We have Gra(RP) is a strong deformation retract of Gr g oy(RP9).
Proof. Decompose RPtY = RP @ RY and z = x @ y. Let U (2) := sz @ y define a

linear deformation retract from RP*? to R?. If g(z,z) > 0 and if s € [0, 1], then

9(¥s(2), ¥s(2)) = s°g((,0), (z,0)) + g((0,9), (0,)) > 0.

Thus if 7 is a spacelike 2-plane, then W (7) is a spacelike 2-plane for s € [0, 1];

the map W, provides the required strong deformation retract from Graz)(RP’q) to
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Gry (R%); assertion (1) follows. Reversing the orientation defines a Z, structure on

Gry (RP9) so that

Gra(RPY) = G’r‘;(Rp’q)/Zg.

Since the construction is equivariant with respect to this action, assertion (2) follows
from assertion (1). Assertions (5) and (6) follow similarly.

Let the vectors PT = (z¥,y%) be as in Lemma 2.2.1 for 7 € Gfr‘(ﬁ 1)(Rp’q). Let

Wy(m) := Span{(z~,sy”), (s2™,y")}.

The same argument as that given above shows that if s € [0, 1], then
9((z7,sy7), (27, sy7)) <0 and g((sz™,y™), (sa™,y™)) > 0.

Thus g((z7, sy7), (@7, sy7))g((s2™, yT), (sa™,y7)) —g((z7, sy7), (s2F,y™))? < 0.
Consequently W (7) is a 2-plane of type (1,1). Our construction is Z @ Z5 equivari-
ant so the indeterminacy in the choice of P* plays no role and ¥, defines smooth
maps on Gr(ﬁ’l)(Rp’q) and Gr (1 1)(RP?) providing the required strong deformation

retract to S(p,q) and RPP~! x RP™!. [
2.2.4 Remark: Let F(Slol)(Rp’q) be the set of pairs {(u,v) € RP*? x RP7} so that

g(u,u) = —1, that g(v,v) = 1, and that g(u,v) = 0. If (u,v) € F(Sl(?l)(Rp’q), let

m(u,v) := Span{u,v}. Then the map 7 : F5O,(RP9) — Grf  (RP9) is a fiber

(1,1) (1,1)

bundle with structure group F' = SO(1,1) = R x Z. Since F(Slol)(Rp’q) has a

Zo ® Z5 equivariant deformation retract to SP~! x S971; this provides another way

to see that Gr

(1 1)(Rp7q) is homotopy equivalent to (SP~! x S971)/Zy = S(p, q).

§2.3 The Stiefel-Whitney Classes and KO(RP")
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2.3.1 The Stiefel-Whitney classes. Let E be a real vector bundle over a topologi-
cal space B. Let w(E) be the total Stiefel-Whitney class of F; w(FE) is characterized
by the following properties:
(1) We may decompose w(E) =1+ wi(E) + wy(E) + ... for w; € HY(B; Z3).
(2) We have w;(E) =0 for i > dim(F).
(3) We have w(E & F) = w(E)w(F) ie. wy(ESF) =3, wi(E)w;(F).
(4) If E is a trivial bundle, then w(E) = 1.
(5) If L is the classifying real line bundle over RP", then u := wy(L) generates
HYRP"; Zy) = Z>.
(6) We have w is natural with respect to pullback, i.e. w(f*E) = f*w(F).
If F is a real vector bundle over a topological space B, let [E] denote the
corresponding element in the reduced real K-theory group I/{\C/)(B) The following
lemma calculating I/(\é(RP") follows from work of Adams [1].

2.3.2 Lemma. Let L be the classifying real line bundle over RP", see equation

(2.4.1.a) below.

(1) Let u:=wi(L). We then have H*(RP"; Zy) = Z[u]/(u"*1 = 0).

(2) The elements [1] and [L] generate KO(RP"™).

(3) The element [L] — [1] has order p(n) := 2¢™ in KO(RP™) where ¢(0) =0,
o(1) =1, 6(2) =2, 6(3) = 2, p(4) = 3, ¢(5) = 3, ¢(6) = 3, #(7) = 3, and
where ¢(8k + ¢) = 4k + ¢(£) for £ > 0.

For n € N, let j(n) := [logyn], then 27/(™ < n < 2/0M+1 We tabulate some

values of ¢(n), j(n) and p(n).

TABLE 1. Some Useful Data
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§2.4 H*(Gra(R™); Z2) and the Steenrod Squares

2.4.1 Classifying bundles. We define

L:={(t,z) € RP" x R"': 2 € (},
(2.4.1.a) vo i ={(m,2) € Gro(R") x R" : z € w} an

L :=Grj (R"™) x R/(m,\) ~ (=, —\).
to be the classifying real line bundle over RP™, the classifying real 2-plane bundle
over Gra(R™) and the canonical real line bundle over Gry(R™). Let Vect,(B) denote
the isomorphism classes of rank r real vector bundles over B. The following lemma
is well known:

2.4.2 Lemma.

(1) We have miRP"™ = Zy for n > 1 and Vect;(RP"™) = Zs is generated by L.
(2) We have m1Gra(R™) = Zy for n > 2 and Vect;(Gra(R™)) = Zs is generated by

L.

2.4.3 Remark: We note that the restriction of L to RP™ % C Gro(R") is the
classifying line bundle L over RP" 2 thus L is nontrivial.

We define the natural inclusion i : RP" % — Gry(R") as follows. Let v € S"~2
and let (v) be the associated point in RP™ % = §"~2/Z,. Choose the standard
orthonormal basis {e1,...,e,_1,e,} for R so that R"~! = Span{ei,...,e,_1}.
We define

i((v)) := Span{v, e, } € Gra(R").

We define
z:=wi(7y2) € H' (Gry(R"); Za),

Y= ’wg(’}/g) & Hz(G’l“g(Rn); Zg), an

u:=w (L) € HY(RP" ?; Z,).
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Let 75 be the orthogonal complement of y2 and let w;- := w; (73 ). Since 2 ®~3-

is a trivial bundle of dimension n, we use w(7y2) = 1 4+ = + y to express
wlyy) = wi = (L +a+y)" € Zflr,y]]
k

Since dim(y3") = n — 2, we see that wi* = 0 in H*(Gra(R"); Z3) for i > n — 1.
These relations generate all relations in H*(Gry(R™); Z2); we refer to Borel [18] for
the proof of the following Theorem:

2.4.4 Theorem. We have

H*(Gro(R"); Z3) = Zs[z,y]/wi =0 for i>n—1.

We shall need the following technical lemma later in §3.3.

2.4.5 Lemma. Let i: RP"? — Gry(R™) be the natural inclusion. We have:
(1) i*(y2) =2 L& 1 andi*(L) = L.

(2) i*x =u and i*y = 0.

Proof. We use equation (2.4.1.a) and the definition of a pullback bundle to see that

i*(v2) ={((v), (7, 2)) € RP" 2 x Gra(R"™) x R™ : m = i({v)) = Span{v, e, }

and z € w}.

So the fiber over each point (v) € RP™ ? is precisely the 2-plane Span{v,e,}.

On the other hand, since L = {((v),2) € RP"? x R"' : z € (v)} and since

1 = RP""2 x R, the fiber of the bundle L @ 1 over each point (v) € RP™ 2 is the

2-plane Span{v} & R = Span{v,e,}. Thus i*(y3) = L & 1. We use Remark 2.4.3

and Lemma 2.4.2 (2) to see that i*(L) is a nontrivial line bundle over RP™ 2, so it

has to be L. We use assertion (1) and naturality to see that
it =w1(i"(12)) = w1 (LH1) =wi (L) =u, an

iy =wa(i*(y2)) = w2 (L®1)=0. O
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2.4.6 Steenrod Squares and the top Stiefel-Whitney class. In this section, we
use the total Steenrod square to establish a well known technical lemma (Lemma
2.5.8) about the top Stiefel-Whitney class of a real vector bundle, we refer to Glover,
Homer, and Stong [52]. We first recall the properties of the Steenrod squares Sq

from Steenrod and Epstein [83].

2.4.7 Theorem. Let B be a topological space.

(1) For all integers i > 0 and n > 0, there exists a natural transformation of
functors which is a homomorphism Sq' : H"(B; Zy) — H™" " (B; Zs).

(2) Sq° =1.

(4

)

(3) If dimx = n, then Sq"z = x2.
) Ifi > dimx, then Sq¢'z = 0.
)

k
(5) (Cartan formula) Sq¢*(x -y) = Z Sq¢iz - SqFIy.
j=0
(6) Sq' is the Bockstein homomorphism (3 of the coefficient sequence

0— 2y — Zy — Zy — 0.

(7) (Adem relations) Let (') denote the number m choose n. If 0 < a < 2b, then

[a/2] b_1— i o
Sq*Sqb = Z {( . ij) mod 2}8q“+b_93q3.

=0

§2.5 The Splitting Principle

A very useful tool in determining polynomial relations between characteristic
classes is the splitting principle. This section is devoted to the discussion of the
splitting principle and its various applications useful to our studies. We first intro-

duce the following notational conventions. We follow the setup given in Bott and

Tu [19].
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2.5.1 Notational conventions. Let K := R or C. Let V be a vector space over
K. Let P(V) be the set of all 1 dimensional K subspaces of V. Let P := P(V) xV
be the product bundle. Let Sp := {({,v) € P : v € ¢} be the canonical subbundle.

Let @Qp be the canonical quotient bundle defined by the short exact sequence

0—Sp —=P—Qp—0.

2.5.2 Projective bundles and flag manifolds. Let m : E — B be a K vector bundle
with transition functions g.g : Uy NUg — GL(n, K). We define the projectivization
of E by the fiber bundle p : P(E) — B, whose fiber over each = € B is P(FE,) and
whose transition functions gog : Uy N Us — PGL(n, K) are induced by gos. So a
point in P(E) is a line ¢, in the fiber F,. By definition, we have p*E C P(E) x E
whose fiber over the point ¢, € P(E) is E,, i.e. (p*E)s, = E,. The restriction of
p*E to each fiber p~lz = P(E), is the trivial bundle P(E), x E,. The subbundle
Sg :={(ly,v) € p*E : v € {,} is a line bundle; its fiber over each point ¢, € P(F)
contains all the vectors in /.

2.5.3 Example: Let w : L — B be a line bundle, we then have P(L) = B and
p*L=S=L.

We now construct a space F(E) called the flag manifold together with a map
o : F(E) — B called the splitting map so that ¢*E is a sum of line bundles. We
proceed inductively on dim F.

(1) If dim £ = 1, then F is a line bundle. Our construction is completed by Example
2.5.3.

(2) If dim £ = 2, we use the projectivization of F discussed in §2.5.2 to see that
p*E = Sgp ® Qg over P(E). We set 0 := p and F(FE) := P(F) to complete the

construction.
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(3) In general, at every next step, we projectivize the previously obtained quotient
bundle Qg to split off a new line bundle, so eventually all that remains is a sum of
line bundles. We now set o to be the composition of all these p’s and set F'(E) to
be the projectivization of the last quotient bundle.

The fact that the map o* : H*(B; Z2) — H*(F(F); Z3) is a ring monomorphism
follows from the Theorem below. The detailed proof is omitted, we refer to [19] for
the argument.

2.5.4 Theorem (Leray-Hirsch) Let K be a principal ideal domain. Letw : E — B
be a fiber bundle with fiber F' of finite type. If there are globally defined cohomology
classes {ay,...,a,} on E whose restriction to each fiber freely generate the cohomol-
ogy of the fiber as a K-module, then H*(E; K) is a free H*(B; K)-module with basis
{a1,...,a,}.

2.5.5 Theorem (The splitting principle) Let E be a real vector bundle over B.
There ezists a splitting map o : F(FE) — B so that c*E is a sum of line bundles
and o* : H*(B; Zy) — H*(F(E); Z2) is a ring monomorphism.

2.5.6 Remark: A more general version of the Leray-Hirsch Theorem can be
found in Husemoller [57].

The following three lemmas are needed in §3.1 and §3.3.

2.5.7 Lemma. Let L be defined in equation (2.4.1.a). Let U be a real 4-plane
bundle over Gro(R™) so that U ® L is isomorphic to U. Then

ot + 22w (U) + 22 - (w1 (U) + we(U)) + 2 - (w1 (U) +ws(U)) = 0.

Proof. We use Theorem 2.5.5 (the splitting principle) to see that o*(U) = @?:1 L;
and that o* : H*(Gra(R"™); Z2) — H*(F(U); Z3) is a ring monomorphism. Let
s:=o*(z). Let s; :== wy(L;). Let w; := o*(w;(U)) = w;(¢*(U)). Since U 2U ® L

and since the Stiefel-Whitney classes are natural, we have:

w(U) =w(lU ® L) and c*(w(U)) = w(c*(U)) = H?Zl (14 si).
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Consequently we have that:
[Tims (14 0) = 0" (w(U)) = 0" (w(U @ L)) = w(o™ (U ® L)) = [Ty (1 + s + ).

We expand this identity to see:

[Ty (Ut si+8) =TTy (L 50) + 5 (86 + g j ok 8i855%)
+57 (00, 80+ 2y sisy) + 8% (30, 80) + 5
=TT (1 + 8:) + 8% + 8% - 01 + 8% - (D) + Wa) + 5 - (W1 + Ws).
Thus s* + 83 -y + 82 - (W, + W) + s - (1w + w3) = 0. Since o* is injective, the

assertion now follows. [

2.5.8 Lemma. Let B be a topological space. Let E be a real vector bundle over
B of dimension m. Let w,,(FE) be the top Stiefel-Whitney class of E. Let w(E) be
the total Stiefel-Whitney class of E. We have Sq(w,,(E)) = w(E) - w, (E).

Proof. By Theorem 2.5.5, it suffices to verify the assertion for sums of line bundles.
Furthermore, by Theorem 2.4.7, Sq is a ring homomorphism, we may reduce to the

case of a single line bundle \. We compute:
Sq(wi (V) =wi(A) + 8¢ (wi(A)) = wi(N) + (wi(A))*
=14+ wi(N)) w1 (A) =wA)-wi(A). O
2.5.9 Lemma. Let L be the nontrivial line bundle over Gra(R™) and let v2 be

the classifying 2-plane bundle over Gra(R™) defined in equation (2.4.1.a). We have

Sq(z) = (1 +2x)x and Sq(y) = (1 + 2+ y)y.

Proof. We apply Lemma 2.5.8 to L and v, respectively; the result now follows. [J



33

§2.6 Two Important Lemmas

We say a bilinear map ® : R* x R® — R¢ is nonsingular if ®(z,y) = 0 implies
eitherc =0ory=0o0rz =y =0.
2.6.1 Lemma. Assume that q > 3. If there exists a nonsingular bilinear map

®:RIx RT — RIT thenqg=3, 4, 7, or8.

Proof. Let q- L be q copies of the classifying line bundle and let (¢+1)-1 be ¢+ 1

copies of the trivial line bundle over RP?~!. In other words,
q- L= Sq_l X Rq/(l',y) ~ (—Ilf, _y) an
(¢+1)- 128771 x R/ (z,y) ~ (—,y).

We observe (—z, ®(—x, —y)) = (—z, ®(x,y)) so the following gluing relations are

preserved under ®:

(zy) (2, %(x,y))
z o z
(—z,—y) = (—z,®(z,y)).

Hence, ® extends to a linear injective map from ¢ - L to (¢ + 1) - 1. Consequently,

we have a short exact sequence
(2.6.1.a) 0—q-L—(q+1)-1—{(g+1)-1}/®{q- L} — 0.

The quotient in (2.6.1.a) is a 1 dimensional line bundle L over RPY™!. Since any

short exact sequence of line bundles splits, we have a decomposition:

(2.6.1.b) (¢g+1)-1=qL &L,

where L = {(q+1)-1}/®{q- L}. Since by Lemma 2.4.2 (1), there are exactly two
distinct line bundles over RP?~ !, either L = 1 or L = L. We distinguish these two

cases in Equation (2.6.1.b).
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Case 1. If L = 1, then we have ¢([L] — [1]) = 0 in KO(RP?~1). This implies that
p(q — 1) divides q. We use Table (1) to see that ¢ = 4 or ¢ = 8; once ¢ > 10, the
powers of 2 grow too rapidly to permit this divisibility to occur.

Case 2. If L = L, then we have (¢ +1)([L] — [1]) = 0 in KO(RP"). This implies
that p(q¢ — 1) divides ¢ + 1. We use Table (1) to see that ¢ = 3 or ¢ = 7; again once

q > 10, the powers of 2 grow too rapidly to permit this divisibility to occur. [

2.6.2 Lemma. Let X be a topological space.

(1) Let A: X — M,(R) (the set of all n X n real matrices) be a continuous map.
Assume dimKer A = k is constant. Then x — Ker A(x) is a continuous map
from X to Gri(R™).

(2) Let m; : X — Gra(R™) be continuous maps. Assume dim(my(x) Nma(x)) =1 for
all x. Then the map x — m(x) N7we(x) is a continuous map from X to

Gri(R") = RP" %

Proof. The first assertion is well known; we refer to Atiyah [2]. Let p;(x) be orthog-

onal projection on 7;(x). Let I be the n x n identity matrix. We define

Az) == 21— pi(x) — p2(z).

If X € mi(z) Nma(x), then A(z)\ =2\ — A — X\ = 0. Conversely, suppose that A # 0
satisfies the equation A(z)\ = 0. We then have 2\ = p;(x)A + pa(z)A. Since p;(x)

is an orthogonal projection, |p;(x)\| < |A|. Consequently, we have
2[A] < pr(2) Al + [p2(2) Al < [A] +[A] = 2[Al.

This shows that |p;(x)A| = |A|. Since p;(x) is an orthogonal projection, this shows
pi(x)A = X and thus A € m;(x). Thus Ker A = 7 (x)Nma(x) and the second assertion

follows from the first. O
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CHAPTER III

BOUNDING THE RANK OF IP ALGEBRAIC

CURVATURE TENSORS

In chapter III, we prove Theorem A by bounding the rank of IP algebraic
curvature tensors. Here is a brief outline to chapter III. In §3.1, we list the main
results of this chapter and use these results to prove the first two assertions of
Theorem A. In §3.2, we prove Theorem 3.1.1. In §3.2-3.4, we prove Theorem 3.1.2.
In §3.5, we prove Theorem 3.1.3. We postpone the proof of Theorem A (3) until
§3.6 as the techniques of proof are quite different from the topological ones that
will be used to prove the results cited above. We also establish some additional low

dimensional results using similar techniques.

§3.1 Proof of Theorem A (1) and (2)

We shall use techniques from algebraic topology to prove the following results:
3.1.1 Theorem.
(1) Let R: S™ — so(n+2) be admissible. Assumen > 9. We have that rank R < 2.
(2) Let R:S™ — so(n+ 3) be admissible. Assume n > 10.
(2a) Ifn is even, then rank R < 2.
(2b) If n is odd, then rank R < 4.
3.1.2 Theorem. Let R : Gry (R?) — so(q + 2) be an admissible map of rank 4.
Let ¢ > 12 and let q be even. Then either q is a power of 2 or 2+ q is a power of 2.

3.1.3 Theorem. Let R be an IP algebraic curvature tensor on RP1.
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(1) If p=1 and if ¢ = 5, then rank R < 2.
(2) Ifp=1 and if ¢ =9, then rank R < 2.

We now use these results to prove Theorem A (1) and (2) as follows.

Proof of Theorem A (1). Let p=1andlet ¢ > 9. Let R be an IP algebraic curvature
tensor on R9. Then R defines an admissible map from Gr*(RY%) — so(1,q) of
rank r. We wish to show r < 2. If ¢ = 9, we use Theorem 3.1.3 (2) to see
r < 2. We may therefore assume ¢ > 10. We use Lemma 2.1.4 to construct an
admissible map R : Grt(RY) — so(1 4 ¢) of rank r. We use the Z, equivariant
embedding S9! — Gr1,1)(RP?) discussed in chapter II to construct an admissible
map R : S9! — so(q + 1) of rank 7. Theorem 3.1.1 (1) then implies r < 2 as

desired since ¢ > 10 implies that ¢ —1 > 9. [

Proof of Theorem A (2). Let p = 2 and let ¢ > 11. Let R be an IP algebraic
curvature tensor on R%?. By Lemma 2.1.4, R defines an admissible map from
GrT(R?*9) — s0(2, q) of rank r. Again, we use Lemma 2.1.4 to construct an admis-
sible map R : Grt(R?%) — s0(2 + ¢) of rank 7. Again, we use the Z, equivariant
embedding S7~! — Grt(R%9) to construct an admissible map R : S9! — so(q+2)
of rank r. Since ¢ — 1 > 10, Theorem 3.1.1 (2) shows that » < 4. Furthermore in
the exceptional case that » = 4, we may conclude that ¢ — 1 is odd and hence ¢ is
even. We now suppose r = 4 and ¢ even. We use the Z; equivariant embedding of

Gry (R9) in Gr} . (RY) to construct an admissible map R : Gr5 (RY) — s0(2 + q)

(0,2)

of rank 4. We use Theorem 3.1.2 to see that q or ¢ + 2 is a power of 2. [

3.1.4 Remark: We construct rank 2 and rank 4 admissible maps to show Theo-

rem 3.1.1 is sharp as follows. Let {e;} be the standard orthonormal basis for R"*3
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relative to the standard Euclidean inner product g. Let {ej,...,e,} be the stan-
dard orthonormal basis for R”. If {v;,v2} is an orthonormal set, let R,, ., be the

rotation which sends vy to vy and which is zero on the orthogonal complement, i.e.
Ry, 2w — g(w,v1)v2 — g(w, v2)vr.

(1) Let Ra(v) := Rye,,s- Then we have Ry : S"*1 — so(n + 3) is an admissible
map with rank 2 and assertions (1) and (2a) are sharp.

(2) Let J be a complex structure on R"*3 for n + 3 even. Let
Ry(v) := Ra(v) + Rgvepso-

Then we have Ry : S™ — so(n + 3) is an admissible map with rank 4 and
assertion (2b) is sharp.
3.1.5 Remark: We do not know if Theorem 3.1.1 is sharp; we do not know if

there exist rank 4 admissible maps in this setting.

§3.2 Bounding the Rank of IP Algebraic Curvature Tensors

3.2.1 Notational conventions. Let R be an admissible map from S™ to so(m).
Let Vo(R(v)) and Vi (R(v)) be the kernel and range of R(v) for v € S™. Since R(v)
has constant rank on S™, V;(R(v)) define vector bundles over S™. Let m -1 be m
copies of the trivial line bundle over S™. We then have an orthogonal direct sum

decomposition:

(321&) Vo@vl =m-1.

Since R takes values in so(m), Vo(R(v))NVi(R(v)) = {0} for all v € S™. This would

not be the case if we were dealing with maps to so(p,q) for pg # 0 which is why
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Lemma 2.1.4 will be useful in our future development. Since R(—v) = —R(v), the
vector bundles V; descend to define vector bundles U; over projective space RP".

Let v € S™, let vy € V1(R(v1)), and let A € R. Since R(—v1) = —R(v1), we have
R(—’Ul)vz RN = —R(’Ul)’Uz RN = R(Ul)’vz & (—)\)

Thus the following gluing relations are preserved:

(Ul, R(’Ul)vz X )\)
!

R(v1)
—

(v1,v2 ® \)

! o)
R(—vy)

(—v1,v2®@ ) —  (—v1, R(v1)ve @ (=)).
We note that the left column of the diagram gives rise to the bundle U; ® 1 = Uy
over RP", whereas the right column gives rise to the bundle U; ® L over RP". Thus
R descends to define an isomorphism between U; and U; ® L. We decompose [U;]
in [f(\é(RP”) in the form:

[Ui] = ai([L] = [1]) + dim(U;)[1];

in this expression, the integer a; is well defined modulo p(n). Let j(n) be defined in
§2.4, then 27(") < n < 20(M+1 We shall need the following technical lemma. 3.2.2
Lemma. Let R : S™ — so(m) be admissible. Let Uy be the associated bundle defined
over RP".
(1) We have 2a; = dim(U;) mod p(n).
(2) We have ag +a; =0 mod 27+,
(3) If n > 9, then j(n) +2 < ¢(n) and a; = 3 dim(U;) mod 27/(M+1,
Proof. By definition we have
[U1] =ax([L] — [1]) + dim(U1)[1] an

[U1 ® L] =(dim(U1) — a1)([L] — [1]) + dim(Uy)[1].

Since U is isomorphic to U; ® L, we may equate the coefficients of ([L] — [1])

mod p(n) in these expressions to prove assertion (1).
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The orthogonal direct sum decomposition (3.2.1.a) descends to show Uy ®U; = m-1.

Consequently
(3.2.2.a) 1= w(U)w(Ui) = (14 u)™(1 + u)™ = (1 +u)%Ta,

Let ag +a1 = a+ £ -2/ mod 27+ for 0 < a < 27" and 8 = 0, or 1. Since
27(n) < n, all the coefficients of u’ in equation (3.2.2.a) vanish for ¢ < 23(") 50
a = (3 = 0; assertion (2) follows. We use Table (1) to see that j(n) +2 < ¢(n)
for 9 < n < 11. The function ¢ is growing roughly linearly and the function j is

growing logarithmically; hence assertion (3) follows. [

3.2.3 Proof of Theorem 3.1.1. The first assertion of Theorem 3.1.1 follows from
work of Gilkey, Leahy and Sadofsky [48]. We adopt the argument given by Gilkey,

Leahy and Sadofsky to prove the remaining assertions.

We set m :=n+ 3. Let j := j(n). Let u; := dim(U;). Assume u; > 2. We use
Lemma 3.2.2 to choose integers 0 < ag < 297!, and a1 = 297! —Gps0 0 < @ < 29+
such that w(U;) = (1 + u)%. We have the basic properties:

(1) @p +ay = 27+
(2) up+uy =n+3.
(3) u = 2a;.

Now if @y < n, then x® survives in w(Uy) and hence ug > dg. Consequently
20 12 >n+3=wug+up >ag+2a =2 +a.

Thus a1 < 2 and u; = 2a; < 4. If u; =4, i.e. a; = 2, then all the inequalities must
have been equalities, thus 27! +2 = n+ 3 and n is odd. We may therefore assume

ap >n > 27. Let oy, &y, and 3, be the coefficients of 2” in the 2-adic expansions
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of ag, a1 — 1 and n. Then a,,, &, and 3, are 0 or 1. Since ag +a; = 271!, we must
have &, + o, = 1. Thus
do=1-2"+a; 1277+ ...+
a1 =0-2+a; 1227 '+ .. +a+1
n =12 48;,127 + ...+ 5.
If all the o, = 1, then a; = 1 so u; = 2 and we are done. Thus «, = 0 for some
0 <v <j—1. Choose k maximal so that a = 0. Expand
Go=1-27+. .. +1-281 4 0. 28 o 2814 4+ ap
a1 =0-27+..+0- 2" 4128 4 qp 2Rt 4+ ag + 1
n =124 4 B2+ 5128 + G128 + L+ Bo.
Let
npr1 =20 + 81277+ 4 B 2P <.
We use Lemma A.1 in Appendix A to see that 2™+ survives in w(Up), this implies
ug > nky1. We estimate:
Ug 2> Nk41
up =2a; >2-28+2=2F 42kt 4 42043
n+3=up+us >npy F2° 28442043 >0+ 3.

Thus all of these inequalities must have been equalities; we now have:
(3.2.3.a) Up = Npyr, a1 =28 4+1, and n=nppq + 28+ 28714 420

If £ =0, then as = 2 so u; = 4. Furthermore n is odd. Thus we assume k£ > 1 and
express:

ap=1-2+..+1- 2"t 0. 28 1. 2"t 4 1.2

a1 =0-2 4+ .. 40-2"1 4 1.2 402814 40-2°+1

n =120+ 4G 2"t r1.28 128 4120,
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This shows that ngi; +1 < n so 2™+ survives in w(Up) and hence we have
ug > ng1 + 1 > ngyq; this contradicts equation (3.2.3.a). Thus & = 0, and this
completes the proof. [

The following is an immediate consequence of the proof we have given of The-
orem 3.1.1 since a; = %ul = 2.

3.2.4 Corollary. Assume n > 10. Let R : 8™ — so(n + 3) be admissible. If
dim(U;) = 4, then we have w(Uy) = 1 + u?.

Let R : Grf (R™2) — so(m) be a rank 4 admissible map. Let Wy(R(r)) and
Wi (R(m)) be the kernel and range of R(7) for 7 € Grf (R™~2). Since R(r) has
constant rank on Gry (R™~2), W;(R(r)) define vector bundles over the oriented
Grassmannian Gry (R™~2); we have that dim Wy = m — 4, that dimW; = 4,
and that Wy @ W is a trivial bundle of dimension m. Since R(—7) = —R(n),
Wi (R(—7)) = W;(R(x)). Thus these bundles descend to define vector bundles W;
over the unoriented Grassmannian Gro(R™2) and Wy @ W1 = m - 1. Let L be the
nontrivial real line bundle over Gro(R™~2) defined in equation (2.4.1.a). We have
that R induces an isomorphism from W7 ® L to W;. We use Theorem 2.4.4 and
Lemma 2.4.5 to study the Stiefel-Whitney classes of the bundle Wj.

3.2.5 Lemma. Assume m > 11. Let R : Gr§ (R™2) — so(m) be a rank 4
admissible map. There exist integers S, T', and U taking values in {0, 1} so that

w(Wi) =1+ 22+ S(y + zy) + Ta’y + Uy

Proof. Let i : RP™* — Gry(R™2) be the natural inclusion discussed in §2.5.
Let U; be the restriction of W; to RP™ *. We use Corollary 3.2.4 to see that
i*(w(W1)) = w(U;y) = 1 +u?. Lemma 2.4.5 shows that the coefficients of =, 3, and

x* in w(W7y) are zero while the coefficient of 22 is 1, so wy(W;) = 0. By Theorem
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2.4.4, x and y generate H*(Gro(R™2); Z;). Consequently, there exist constants S,
Q, T, and U so that

w(Wyp) =14 P(x,y) for P(x,y) := 22 + Sy + Quy + Ty + Uy?.

We use Lemma 2.5.7 with U = W; to see that x% + 22 - wa(W7) + x - w3(W7) = 0,
i.e. we have that 2 + z(Qzy) + 2?(22 + Sy) =0s0 S =Q. O

§3.3 A Technical Lemma

3.3.1 Lemma. Assume m > 11. Let R : Gr§ (R™2) — so(m) be a rank 4
admissible map. We have w(Wy) = 1+ P; for i = 2, 3, or 4; where Py, = 22,
Py = 2?4y, and Py = 2% + y + zy.

Proof. In Lemma 3.2.5, we showed w(W7) = 1+ 22+ S(y + zy) + Tz?y + Uy?. The
top Stiefel-Whitney class of Wy is wy(W1) = T2y +Uy?. We consider the following
cases:
Case 1. Suppose (T,U) # (0,0). Since Sq is a ring homomorphism, we apply
Lemma 2.5.9 to see that

Sq(ws(Wh)) =T(1 + 2)*2*(1 + x + y)y + U(L + 2 + y)*y?
(3.3.1.a) =Ty + Taty + Tady + TxPy + Ta’y?

+ Taty? + Uy? + Uz?y? + Uy*.
We apply Lemma 2.5.8 to see that:
Sq(wy(Wh)) =(1 +2® + S(y + xy) + Tx’y + Uy?*)(Ta?y + Uy?)
(3.3.1.b) =T2*y 4+ T2ty + TSx?y* + TSx>y? + USxy®
+ USy® + Uy? + Ux?y? + Uy* + Tty

Since m > 11, there are no relations in H*(Grq(R™™2); Z3) for k < 7. We compare
the coefficients of 23y in equations (3.3.1.a) and (3.3.1.b) to see T = 0. Since
(T,U) # (0,0), we have U = 1. We compare the coefficients of xy* in equations
(3.3.1.a) and (3.3.1.b) to see S = 0.
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Case 2. Suppose (T,U) = (0,0). Then S = 0 or S = 1 is automatic in Z;. Our

assertion now follows. [

3.3.2 Additional notation. Let V' := (1 + P;)~! be the corresponding formal
power series in the formal power series ring Zs[[x, y]] defined by P; which were listed
in Lemma 3.3.1. Let V! be the kth degree homogeneous terms in the corresponding

expansions. For clarity, we now tabulate these expressions as follows:

TABLE 2. Possible Choises for V

wiyy) =1+z+y)7 V2 =(1+a?)""
V=Q0+2>+¢y*)" [V'=(O4a*+ytay !

§3.4 Rank 4 Admissible Maps in the (2, m — 2) Setting

In this section, we work in the setting (p, q¢) = (2, m —2) with p = 2 and ¢ > 10.
We have the natural embedding S9! in Gral)(RQ’q). If R: Gri (R*Y) — 50(2+q)
is an admissible map, then the restriction of R to S?~! defines an admissible map
from S9! to s0(2+ q). By Theorem 3.1.1 (2), we have rank R < 4 and rank R = 4
only if ¢ is even, so m is also even. Suppose there exists a rank 4 admissible map R
from Gry (R%7) to so(2+¢q). We use the Z, equivariant embedding of Gry (R?) into
Gry (R*%) discussed in §2.2 to extend R to a rank 4 admissible map from Gry (R?)
to so(2+ q).

We adopt the notational conventions established in §2.4.1 and §3.3.2. Since
dim Wy =q—2, Vi =0in H*(Gra(R9); Z3) for k > ¢—1 and i = 2,3 or 4. We now
study the relationship between ¢ and V°.

3.4.1 Lemma. Assume p =2 and q > 10 even. Let R : Gry (RY) — so(q+2) be

a rank 4 admissible map. If w(Wy) = V2, then q is a power of 2.
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Proof. Since R has rank 4, dimW; = 4 and dim Wy = ¢ — 2. Thus qu vanishes in
HY(Gry(R%); Zy); we may express V2 = awy + Bz - w;, in Zylx,y] for a, 3 =0 or
1. We have V? = ZiZO 2%, Since q is even, Vg = x9. We consider the following

cases:
Case 1. Suppose (a, ) = (0,0). This implies V7 = 0 which is false.

Case 2. Suppose («a, 3) = (1,0). This implies Vg = qu. Since there is no y%/2 term

4

; contains the term y?/2, this is not possible.

in V(f, and since w
Case 3. Suppose (a, ) = (1,1). This implies V7 = qu +x- qu_l. Since there is no
i

p

x4 term in qu + 2 -w;_;, and since Vq2 contains the term x9, this is not possible.

Case 4. Suppose («a, ) = (0,1). This implies Vq2 =x- qu. Since Vq2 has only even
powers of x, this can happen only if wj_l = 2971, We use Lemma A.2 in Appendix

A to see that w,-; = 297 in H*(Gra(R?); Z) if and only if ¢ is a power of 2. [

3.4.2 Lemma. Assume p =2 and q > 10 even. Let R : Gry (RY) — so(q+2) be

a rank 4 admissible map. Then w(Wy) # V3.

Proof. If Q)1 is a homogeneous polynomial in x, y of degree k, then we can expand

Qr =C1(Qr)x" + C2(Qr)2" 2y + C3(Qr) " *y?
+ Oy (Qr) "0y + C5(Qr) " By + ...

We set C;(Qr) :=01if i <0 or k < 0. Let

C(Qr) = (C1(Qr) Co(Qk)C3(Qk)Ca(Qr)C5(Qr)) € Z3

be the first five coefficients in this expansion. In the expansion of w,ﬁ, we have

ey = g k2 lyr oy R 2y 1 where the term zF72Y~1y¥ comes from
wi-_; and the term z*~2"y~1 comes from wi- ,. In the expansion of V3, we have
b2V = g2 gk =2yv g2 R 2V =2 where the term 2¥72Y~2y" comes from
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Viz_z and the term xk_z”y”_z comes from V;z_ 4~ Thus we have the following recur-

sion relations:
Ci(wy) = Ci(wp_;) + Ci—1(wj_,) and

(3.4.2.a)
Ci(Vi) = Ci(Vi_o) + Cia(Vii_y).

We tabulate C'(wi-) and C(V3) for the following values of k

TABLE 3. The Periodicities of C(wi) and C(V})

k. Clwy) CWV)) k+16 C(wli_—HG) C(Viii6)
9 10101 00000 25 10101 00000
10 11011 10001 26 11011 10001
11 10001 00000 27 10001 00000
12 11100 10100 28 11100 10100
13 10100 00000 29 10100 00000
14 11010 10000 30 11010 10000
15 10000 00000 31 10000 00000
16 11101 10101 32 11101 10101
17 10101 00000 33 10101 00000
18 11011 10001 34 11011 10001
19 10001 00000 35 10001 00000
20 11100 10100 36 11100 10100
21 10100 00000 37 10100 00000
22 11010 10000 38 11010 10000
23 10000 00000 39 10000 00000
24 11101 10101 40 11101 10101
25 10101 00000 41 10101 00000

The recursion relations given in equation (3.4.2.a) imply C (wih) and c (V3) are
periodic with period 16 for all values of & > 9.

Since R has rank 4, dimW; = 4 and dim Wy = ¢ — 2. Thus Vg’ vanishes in
HY(Gro(RY); Z3); we may express V;? = aqu + B - qu_l for a, 3 =0 or 1. We use

Table (3) to tabulate these values:
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TABLE 4. The Elimination of V3

g 0 wy Towr, witzowl, V3

10 00000 11011 10101 01110 10001
12 00000 11100 10001 01101 10100
14 00000 11010 10100 01110 10000
16 00000 11101 10000 01101 10101
18 00000 11011 10101 01110 10001
20 00000 11100 10001 01101 10100
22 00000 11010 10100 01110 10000
24 00000 11101 10000 01101 10101
26 00000 11011 10101 01110 10001
28 00000 11100 10001 01101 10100
30 00000 11010 10100 01110 10000
32 00000 11101 10000 01101 00101

By comparing the data from each column, we can rule out w(Wp) = V3 as

required. [

Lemma A.3 in Appendix A due to Stong [84] is needed for the case w(Wy) = V4.
3.4.3 Lemma. Assume p = 2 and ¢ > 10. Let R : Gr§ (R?) — so(q+ 2) be a

rank 4 admissible map. If w(Wy) =V, then 2 + q is a power of 2.

Proof. We note that w(Wy) = 1+ 2> +y+ay = (1 +2)(1 +2 +y). We apply
Theorem 2.5.5 to 72 to see that
1 O'*(’}/Q) = L1 @ L2.

2) o* : H*(Gro(R7); Z3) — H*(F(72); Z2) is a ring monomorphism.

3 () = w1 + ug, where u; = wy(L;) for i = 1,2.

Q

*
*
*

4

Q

(1)
(2)
(3)
(4)

T
(y) = uq - ug, where u; = wq(L;) fori=1,2.
Consequently, we have:

o"(w(y2)) =(1 +u1) - (1 +uz), and

o (wWh)) =0 (1 +z)(A1+ 2 +y)) = (1 +w)- (1+uz) (1+u1+ug).
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We now compute:
("0 ))n = Yisjy i - uh, and
(O'*V4)n = Za+b+c:n(u1 + u2)a . 'LLI{ . Ug

Since V; ;| =0 in H?"Y(Gry(R9); Z3), we have
0=(0"V)g-1 = D atiremqi (U1 +u2)® - uf - us € Za[u, ug).

Lemma A.3 in Appendix A now shows (¢ — 1) + 3 = 2 + ¢ is a power of 2 as

required. [

3.4.4 Proof of Theorem 3.1.2. Theorem 3.1.2 now follows from Lemmas 3.3.1,

3.4.1,3.4.2, and 3.4.3. O

§3.5 Some Low Dimensional Results

We now investigate some lower dimensional cases in the Lorentzian setting.
3.5.1 Proof of Theorem 3.1.3. Let R be an IP algebraic curvature tensor. First we
assume (p, q) = (1,5). Then R defines an admissible map from Gry(R%) to so(1,5).
We use Lemma 2.1.4 to construct an admissible map R : Gry(R>®) — s0(6) of the
same rank. Since Gra(RY?) = Gr(g)(R"®) U Gr(1,1)(R"®) and since Grg2)(R"°)
strongly deformation retracts to Gro(R%), we have the following commutative dia-

gram:
Gry(R%) — s0(6)
T ° T
RP® — RP?
We adopt the notational conventions established in §2.4.1. We have W1 & Wy =6-1
and W7 ® L = W;. We must rule out the possibilities of having dim W7 = 6 or of

having dim W; = 4.
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Case 1. Suppose dim W7 = 6 and dim Wy = 0. Then we have 6 - ([L] — 1) = 0 in
[?O(RPS). This implies 6 divides 2¢®) = 4, which is false.

Case 2. Suppose dimW; = 4 and dim Wy = 2. We apply Corollary 3.2.4 to see
that wy(W7) = 0. Since dim Wy = 2, w(Wy) = 1 + bz? + cy. We use the relation
w(W1) = w(Wy)~! to see that

wy (W) = 0, wa(W1) = ba? + cy, ws(W1) =0, and wg(Wy) = ba?t + ey
We apply Lemma 2.5.7 to see that
zt + 22 (bx® + cy) = (1 + b)z* + cx’®y = 0.

We apply Theorem 2.4.4 to see that 0 = wi = 2* + 2%y + y?, so we must have
(1+b)at + ca?y = e(a* + 22y +y?) fore =0 or 1. Thuse =0, b =1, and ¢ = 0.

Consequently, we have:
(3.5.1.a) w(Wy) =1+ 2% and w(Wy) =1+ 2% + 2.

Since w(Wy)-w(W7) = 1, equation (3.5.1.a) implies 2° belongs to the ideal generated
by the elements {wi = x* + 2%y + 3%, wi = 2° + 2%, wi = 2% + 2%y + y3}. So we

6 as a nontrivial linear combination of wj, wi and wg,

must be able to express x
but this is not possible and hence proves assertion (1).

Next we assume (p,q) = (1,9). Then R defines an admissible map from
Gra(RY?) to s0(1,9). We use Lemma 2.1.4 to construct an admissible map R
from Gra(RM) to s0(10) of the same rank. Since i : RP® — Gr(; 1)(R"?) and

since Gra(R™) = Gr(g,2)(R"?) U Gr(1,1)(R"?), we have the following commutative

diagram:
G’I"(l’l)(Rl’g) =, 50(10)
T ° T
RP® —  RP®
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As before, we let W; be the associated vector bundles over Gra(R'Y) and hence
restrict to define vector bundles U; over RP®S. Furthermore, we have Uy Uy = 10-1
and U; ® L = U;. We must rule out the possibilities of having dim U; = 10, having
dim U; = 8, having dimU; = 6, and having dimU; = 4. We use Lemma 3.2.2 to
see that 2a; = dimU; mod p(8) = 16, so a; = 1 dimU; mod 8.

Case 1. Suppose dimU; = 10 and dim Uy = 0. Then we have 10- ([L] — 1) = 0 in
KO(RP®). This implies 10 divides 2°(® = 16, which is false.

Case 2. Suppose dim U; = 8 and dim Uy = 2. Either a; =4 and ag = 12, or a; = 12
and ag = 4.

(2.1) If a; = 4 and ag = 12, then w(Up) = (1 +u)2 = (1 +u*)? =1+ u* +u® in
H*(RP®; Z,). But this contains u*, which is false.

(2.2) If a3 = 12 and ag = 4, then w(Up) = (1 +u)* =1 +u* in H*(RP®; Z,). But
this contains u*, which is false.

Case 3. Suppose dim U; = 6 and dim Uy = 4. Either a; = 3 and ag = 13, or a; = 11
and ag = 5.

(3.1) If a; = 3 and ag = 13, then w(Uy) = (1 + )" in H*(RP®; Z,). But this
contains u°, which is false.

(3.2) If a; = 11 and ag = 5, then w(Up) = (14u)® = 1+u+u*+u’ in H*(RP®; Z,).
But this contains u°, which is false.

Case 4. Suppose dim U; = 4 and dim Uy = 6. Either a; = 2 and ag = 14, or a1 = 10
and ag = 6.

(4.1) If a1 = 2 and ag = 14, then w(Up) = (1 +u)** = (1 +u?)7 in H*(RP®; Z,).
But this contains u®, which is false.

(4.2) If a; = 10 and ag = 6, then w(U;) = (14 u)'° = (1 + v?)® in H*(RP®; Zy).

But this contains u®, which is false. Our assertion now follows. [
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§3.6 Rank 4 IP Algebraic Curvature Tensors in the (2,2) Setting

In Theorem 1.3.2, Ivanov-Petrova exhibited a family of “exotic” rank 4 IP alge-
braic curvature tensor in the 4 dimensional Riemannian setting. By Theorem 1.3.3,
this algebraic curvature tensor is not geometrically realizable by an IP metric. In
this section, we give similar constructions of some rank 4 IP algebraic curvature
tensor in the signature (2,2) case.

3.6.1 Proof of Theorem A (3). Let R € ®*(R*) be the “exotic” rank 4 tensor
given in Theorem 1.3.2. We have that R satisfies the curvature identities relative to
the standard real-valued positive definite metric g on R*. We complexify and extend
the tensors R and g to the tensors R. and g. which are complex and multilinear.

Let {e;} be the usual R basis for R* and let
f1:=vV—lei, far=+V—ley, fa:i=e€3, fr:=¢4

be a R basis for

H :=spang{fi, fo, f3, fa} C C*.

Let R and g be the restrictions of R. and g. to H. We note that g is a real metric
of signature (—, —, +, +) and that R is a real 4 tensor. We use Theorem 2.1.1 to see
that R2(7) has constant eigenvalues on Gry(R?*2) and hence R is IP. This constructs
an IP algebraic curvature tensor of rank 4 for a metric of type (2,2). We compute

the nonvanishing components of R to be:
Riz12 =2, Ri313 = =2, Ria1a = 1, Rogas = 1, Rosos = —2,
Ruzs = 2, Risza = 1, Risoq = —1, Ryso3 = —2.
Consequently, R is a rank 4 IP algebraic curvature tensor of signature (2,2). O

3.6.2 Remark: We can now give a more explicit construction of this tensor. Let

{£1,&9,&3,&4} be the standard orthonormal basis for R* relative to the metric g
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of Signature (272)7 Le. 9(51751) = g(€27€2) = _17 g(€37€3) = 9(54754) = +17 and
9(&,&) =0for i # j. Let J : R*? — R?*? be the map

J& = &4, T = =83, T & = =&, and J& = &1

Then J2? = 1, so J is a unitary paracomplex structure on R%*2. We define the

algebraic curvature tensors Rg and Rz of @*(R??) by

Ro(IE,y)Z = g(y7 Z)':E - g(w,z)y, and
Rj(xay)z = g(y7 jz)jx - g(:c, jZ)jy - 29(377 jy)jz

Let a1, as be nonzero constants so as+2a; = 0. Then the algebraic curvature tensor

A

R := —a3Ry — a1 R 7 is the rank 4 IP algebraic curvature tensor of signature (2,2)

given in Theorem 3.6.1.
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CHAPTER IV
LORENTZIAN IP ALGEBRAIC CURVATURE TENSORS

In chapter IV, we prove Theorems B and C. We let R be a nontrivial Lorentzian
IP algebraic curvature tensor. By Theorem A, R has rank 2 if ¢ > 9. Here is a brief
outline to chapter IV. In §4.1, we establish the trichotomy of rank 2 Lorentzian 1P
algebraic curvature tensors; this proves Theorem B. Lemma 4.1.2 is the primary
technical tool we will use in the proof of Theorem B; the proof is a fairly straight-
forward computation. In §4.2, we assume R is mixed or null and use Lemma 2.6.1
to show that ¢ = 3, g =4, ¢ = 7, or ¢ = 8. Thus once again algebraic topology plays
a crucial role in our analysis. This completes the proof of assertion (1) of Theorem
C. In §4.3, we complete the proof of assertion (2) of Theorem C by ruling out the
exceptional cases ¢ = 3 and ¢ = 7 (i.e. m =4 or m = 8) if R is null. In the proof of
Lemma 2.6.1, we constructed a line bundle L; if L was trivial, then ¢ = 4 or ¢ = 8
while if L was nontrivial, then ¢ = 3 or ¢ = 7. Thus to show ¢ = 4 or ¢ = 8, it
suffices to prove that the line bundle L constructed in the proof of Lemma 2.6.1 is

the trivial line bundle. This is done by constructing a “universal axis”.

§4.1 The Trichotomy of Lorentzian IP Algebraic Curvature Tensors

We now begin our preparations for the proof of Theorem B. We first establish
some notational conventions.

4.1.1 Notational conventions. Let T € so(1,q), then (KerT)* = RangeT. We

set:
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Wi (T) := (KerT)* = Range T
s505(n) := {T € so(n) : rank(T) = 2}.
509(1,q) == {T € so(1,q) : rank(T) = 2}.
(1, q) :=={T € s02(1,q) : Spec(T’) # {0}}.

505/ (1,q) := {T € s05(1,q) : Spec(T) = {0} }.

It is clear that soo(1,q) = s05(1,q) LI 509 (1,q).
4.1.2 Lemma. Let T € s05(1,q) and let & be a unit timelike vector in RY9. Then
(1) There exists an orthonormal basis {e;} for R so that & = ey and there exists

real numbers A1 and t1 with A\? +t2 # 0, so that T has the form

0 4 0 0 0
0 A O 0
0 —X\, 0 0 0
T=10 0o 0 o 0
0O 0 0 0 ... 0

Furthermore, the characteristic polynomial of T s given by
det(A—T) = N71AZ + 22 —¢2].

(2) Ift2 = )2, then we have:

(2a) T € s0)'(1,q).
(2b) T2 0 but T3 = 0.
(2¢) RangeT = W1 (T) = Span{T¢, T?¢}.
(2d) T€ is spacelike, T*¢ is null, and W1(T) is a degenerate 2-plane.
(3) Let T = ((%t g) € 505/ (1,q). We have C € sos(q) and the eigenvalues of
C are {0, £v/—1|t]}.
(4) Ift3 # )2, then we have:
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(4a) T € s05(1,q).
(4b) RangeT = W1(T') is a nondegenerate 2-plane.

)
)
4c) If X2 > t2, then W1 (T) is spacelike.
1 1
4d) If N2 < t2, then W1 (T) is of type (1,1).
1 1
)

(4e) T'|rangeT %5 tnvertible.

Proof. Let ¢ be a unit timelike vector in RV? and let T € s04(1,q). We choose an

orthonormal basis for R1'? so that £ = (1,0, ...,0). Relative to this basis, T has the

form

In this expression, Z € R?, (Z)* represents the transposed column vector, and S is
a ¢ X q skew-symmetric matrix. We further normalize the choice of basis for R4

so that S has the form

0 M
- 0

0

Since rank 7" = 2, at most one of the blocks of ( _(l\’ )(\)Z ) can be nontrivial. Thus,

we may assume 7' has the form

0t ty ty ... tg
0 AN O ... 0
ty =X\ O 0 ... 0
=14+ 0 0 0 ... 0
ty2, 0 0 0 ... 0

Let & := (t1,...,t,). Since T'# 0, we have |Z|> + \? # 0.
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Suppose that Ay = 0. We then have

(8 Bymare- (0,

Since |Z|2 + X2 # 0, & # 0, so |Z|? is an eigenvalue of T2, Thus, T is not nilpotent.
Moreover, since ¥ # 0, we may further normalize the basis chosen for R? so that
Z = (11,0, ...,0). Relative to this basis, T" has the desired form given in (1).

Suppose that \; # 0. If t; # 0, for ¢ > 3, then rank T > 3, which is false. Let
T = (t1,1t2,0,...,0). We then have:

0 t to 0 0
t1 0 A1 O 0
to =X\ 0 O 0
0 0 0O 0 ... O

We further normalize the basis chosen for R? so that & = (¢1,0,...,0) and put 7" in
the form given in (1).

We complete the proof of (1) by calculating the characteristic polynomial of T

A -4 0
detOAN=T)=A1"2det [ —t; A =X\
0 A1 A
(4.1.2.b) \ A\
_ yg—2 —A\1 -t =\
= [)\detz(>\1 A >+t1det( 0 A\ )]

= ATUAZ AT - 1.
We now prove assertion (2). Suppose that A\? = t2. We use equation (4.1.2.b) to see
that T € s0%(1,¢). This proves assertion (2a). We use assertion (1) and the fact

that t; # 0 to see that

t1
0

—\

, b 0 } = Span{T¢,T?%¢}.

Lo oSt o

RangeT = Wy (T) = Span{
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This proves assertion (2c). Since T3¢ = 0, g(T?¢,T?%€) = —g(TE,T3¢) = 0. Also,
g(TE¢, TE) = t2 > 0; assertions (2b) and (2d) now follow.
We now prove assertion (3). By assertion (1), we can normalize the form of T

by choosing a suitable orthonormal basis for R?. This means we can find h € O(q)

so that
0 Jf§f o 0 ... 0
it 0 X 0 ... 0
1 0 1 0 0 =X\ 0 0 ... 0
o n) o nt)=lo 0o 0 0 ... 0
0 0 0O 0 ... O
Since T' € s0} (1, ¢), by assertion (2) we have A3 = |#]?. Thus
0 X 0 ... O
-A1 0 0 0
hCh™ ! = 0 0 0 0
0O 0 0 ... 0

Thus Spec(hCh~1) = {0, 4+/—1]f|}; the same holds for C' as required.
We now complete the proof of the lemma. Suppose that A} # t2. We use
equation (4.1.2.b) to see that T' € so05(1,q); this proves assertion (4a). Suppose

t; = 0; since not both A\; and ¢; can vanish, A; # 0. We use assertion (1) to see:

0 0

A 0

0 -1
Range T = W1 (T) = Span HE 0 )

0 0

These are orthogonal spacelike vectors and hence W1 (T') is a spacelike 2-plane.

Suppose t; # 0, by assertion (1) we have

0 131

1 0

0 -\
RangeT = W1 (T) = Span{ ol o }
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These are orthogonal, linearly independent vectors. If A2 > t7, then both vectors
are spacelike, and W (T) is a spacelike 2-plane. If A\? < ¢2, then the first vector is
spacelike and the second vector is timelike, and Wi (T') is a 2-plane of type (1,1);

this proves assertions (4b), (4c) and (4d).

Since
0 t1 t1 0
1 0 0 t2 — \?
0 -1 -1 0
T 0 = 0 and T 0 = 0 3
0 0 0 0

assertion (4e) follows. [

4.1.3 Proof of Theorem B. Let S, M, and N be the set of oriented spacelike,

mixed, and null 2-planes in R"9. We can decompose
Gri(R") =SUMUN.

Note that S and M are open subsets of Gry (R"9) while A is a closed subset of
Gry (RY9).

Suppose that R is a rank 2 Lorentzian IP algebraic curvature tensor. If R(m)

—+

© 2)(Rl’q), then we may use Lemma 4.1.2 to see that

is nilpotent for any = in Gr
Wi(R(m)) is spanned by a spacelike vector and a null vector, hence is degener-
ate; conversely if Wi (R(m)) is degenerate, since we work in the Lorentzian setting,
W1 (R(m)) is spanned by a spacelike vector and a null vector, then necessarily R(7)

is nilpotent. Since the eigenvalues of R(7) are constant on Grt . (R%?), alternative

(0,2)
(3) holds. Thus if alternative (3) fails, R(m) is not nilpotent and the eigenvalues of
R() are nontrivial for any 7 € Graz)(Rl’q). Since GTZB’Q)(Rl’q) is connected and

since Gry (RY9) \ N = S U M, this implies either that Wy (R(w)) € S for every
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T e Graz)(Rl’q), in which alternative (1) holds, or that Wi (R(w)) € M for every

T E Gr(’gvz)(Rl’q), in which case alternative (2) holds. O

4.1.4 Remark: In the proof of Theorem B, we could also use the fact that
the eigenvalues of R(m) are {0,4+/t3 — A2} on Grj (R“9) to obtain the desired
trichotomy. We further remark that cases (2) and (3) in Theorem B can only arise

for special values of m; we can eliminate most values of m on an a-priori basis. This

will be made clear in the next section.

§4.2 Most Lorentzian IP Algebraic Curvature Tensors are Spacelike

4.2.1 Theorem. Let R be a rank 2 Lorentzian IP algebraic curvature tensor and

let ¢ > 3. If R is not spacelike, then q =3, 4, 7, or 8.

Proof. Suppose that R is not spacelike, by Theorem B, R is either mixed or null. Fix
a unit timelike vector & and decompose RY'? = Span{¢} @ ¢*. Let {z,y} C ¢+ be a
spacelike orthogonal set with z # 0 and y # 0. Since R(z,y) is skew, R(x,y)¢ € £+,
If R(z,y){ =0, then

0= g(R(z,y)§, a) = —g(§, R(z,y)a) for all a

and hence W1 (R(z,y)) C €&+ = RY is spacelike which is false. We define a bilinear

map ® from R? x RY to RIt! = R® R? by

O(z,y) = g(z,y) © Rz, y)¢.

Suppose © # 0 and y # 0. If ®(x,y) = 0, then g(z,y) = 0 so z L y. Further-
more R(z,y)¢ = 0. Thus R(ﬁ', |—Z|)§ = 0 which is false as {ﬁ, %} is a spacelike

orthonormal subset of R?. Thus we may apply Lemma 2.6.1 to ® and complete the

proof. [
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4.2.2 Remark: Theorem 4.2.1 completes the proof of Theorem C (1). Further-
more, if R is null, to prove Theorem (2), we need only to eliminate the cases m = 4
or m = 8. This however requires a surprisingly detailed investigation, so we shall

begin our discussion in the next section.

§4.3 Rank 2 Null Lorentzian IP Algebraic Curvature Tensors

In §4.2, we showed that if R was a rank 2 null Lorentzian IP algebraic curvature
tensor, then ¢ = 3, 4, 7, or 8. This used Lemma 2.6.1. In the proof of Lemma 2.6.1,
we constructed a line bundle L and showed that if L was trivial, then ¢ = 4 or
q = 8. We will complete the proof of Theorem C (2) by showing that L is in fact
trivial. This will be done by constructing an “universal axis”.

We begin our observation with the following somewhat paradoxical observation
that poses a significant epistemological difficulty.

4.3.1 Lemma. If N1, Ny € RY9 are null vectors, then N1 and Ny are linearly

dependent if and only if they are orthogonal.

Proof. Let N1, Ny € RY9 be two nonzero null vectors. Let ¢ be a unit timelike

vector. We express N; = a;£ + s; where s; 1 & are spacelike vectors. Since N; are

Ni

a;’

null, —a? + |s;|> = 0. By replacing N; by we may assume a; = 1, and thus
N; =&+ 3; for §; L £ a unit spacelike vector. Then g(N7, No) = ¢(51,82) — 1. So
g(N1, N3) = 0 if and only if g(81,32) = 1. Since §; are unit spacelike vectors and

since the metric g is positive definite on £+, by the Cauchy-Schwarz inequality, we

have g(51,82) = 1 if and only if §; = §5. O

4.3.2 Remark: This is a crucial point at which we use the Lorentzian assumption,
this fails for higher signatures if p > 2 and ¢ > 2. It is also worth noticing that for

any unit timelike vector &,

Wi (R(m)) = Span{R(m)¢, R*(m)E}.
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This observation played a crucial role in proving Lemma B.1 in Appendix B. Fur-
thermore, we will show shortly in Lemma 4.3.4 that the null vectors R?(w)¢ are
universal.

We now recall several results proved by Gilkey, Leahy and Sadofsky [48] in the
Riemannian setting. Let g be the Euclidean metric on R™. If T' € so(n), then

g(T¢,m) = —g(€,Tn). So we may define w(T) € A%2(R") by

w(T)(&,n) = g(T&,n).

If e = {e1,...,e,} is an orthonormal basis for R™, we define

Ti5(2) == g(ei, 2)e; — g(ej, 2)ei.

Geometrically, this means T} is a rotation through an angle of 7 in the oriented
plane spanned by {e;,e;}. Note {T};}i<; is an orthonormal basis for so(n) with
respect to the Killing metric (71, 7T5) := —% Tr(T1T). The following lemma gives
an alternative characterization of the conical subset s0s(n) of so(n).
4.3.3 Lemma.
(1) so2(n) ={T € so(n) : w(T) ANw(T) = 0}.
(2) Let T : R? — so(n) be a 1-1 linear map. Assume T(f) € soz(n) for all f # 0.
Then there exist a basis { f1, f2} for R? and an orthonormal basis e = {e1, ...ep }

for R™ so that T(f1) = Tt and that T(f2) = Tf5.

Proof. We use the proofs of Lemma 2.1 and Lemma 2.2 given in Gilkey, Leahy and
Sadofsky [48]. Let {£4,7m.} be an orthonormal basis for W1(T') := Range T so that
T, = Aane and Ty, = =&, for Ay, > 0. We use the metric to identify R™ with

the dual vector space (R™)*. We then may express

(,U(T) = Zlgagrank(T) )\afa A M-
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Consequently, T" has rank 2 if and only if w(7T") Aw(T") = 0; this proves assertion (1).
To prove assertion (2), we pull back the Killing form on so(n) to define a positive

definite inner product on R? by

(1) 1= 5 T

This allows us to assume T is an isometry. Let {f1, fo} be an orthonormal basis
for R? with respect to this inner product, then {T'(f1),T(f2)} is an orthonormal
set in so(n). Choose a unit vector e; € Range(T'(f1)). Let ea = T'(f1)er. Then
{e1,e2} is an orthonormal set which we may complete to a basis e for R". We will
further normalize the choice of e3 presently. We expand T'(f2) = >, aj,T5;. Let

& =&1f1 + & fo. Since T is an isometry, we see that

(4.3.3.a) &+ =ITEP = (& +a1262)” + & Xpcr, 12 (af)*.

We use equation (4.3.3.a) to see that af, = 0 and that de’(k’l#(m)(a@)z = 1.
Thus

(4.3.3.b) T(€) =& T + &>k n21,2) %L

By assertion (1), w(T(€)) A w(T(€))(er, 2, ei,¢;) = 0. Let 2 < i < j, we compute:
0 =w(T(§)) Nw(T(£))(e1; €2, €4, €5)
=9(T(§)e1, e2)g(T(§)ei e5) — g(T'(§)er, €i)g(T(§)ez, €5)
+9(T(¢)er, 5)g(T()e, €i)
=6160a; + E5(—af;a5; + afja5)).

This shows that

e __ e e __ e e
(4.3.3.¢) a;; = 0 and aj,;a3; = af;as,;.
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By equations (4.3.3.b) and (4.3.3.c), T'(f2) = > 4, (af;T}; +a5;T5;). By assumption
T(f2) # 0, so either af, # 0 or a§; # 0 for some ¢ > 2. By interchanging e; and e
if necessary, we may suppose af, # 0 for some 7 > 2. We replace e3 by a suitable
multiple of ), _, af;e; to choose the basis so af3 # 0 and af; = 0 for # > 3. Then

we have
T(f2) = ai3Ti3 + D gy a5, T5;.

We use equation (4.3.3.c) to see that afsa$;, = af;a5; for ¢ > 3. Thus, af;, = 0

implies a$; = 0 for ¢ > 3 and
T(f2) = ai3T13 + ag3T5;.

Set € 1= a$ze1 + aSzea = T(f2)es. Since T is an isometry, (a$3)% + (a$3)? = 1. Set
és :=T(f1)é1, €3 := T(f2)é1, and complete the remaining basis vectors arbitrarily.

It follows that .
T(f1)ér

T(f2)ér = é3, T(f2)és = —é1.
Relative to the basis €, we have T(f1) = T, and T(f2) = T as desired. [

€, T(f1)éa = —éu1;

We now return to the Lorentzian setting and continue with our preparations
for the proof of Theorem C (2). Let R be a rank 2 null IP Lorentzian algebraic
curvature tensor. Let x € RYY be a nonnull vector. Let H be a maximal spacelike
hyperplane orthogonal to z. If 0 # y, z € ‘H, by Lemma 4.1.2, R(x,y)¢ and R(x, 2)&
are nontrivial spacelike vectors. We introduce a new positive definite inner product
h = hg ¢ on 'H by

h(y, z) == g(R(z,y)¢, R(x, 2)§).

4.3.4 Lemma. Let ¢ > 3. Let R be a rank 2 null IP Lorentzian algebraic

curvature tensor. Let x € RV be a nonnull vector. Let H be a spacelike hyperplane



63

perpendicular to x and let h = hy ¢ be the positive definite inner product on 'H. There
is a nonzero null vector Ng determined by x and & so that R*(x,y)¢ = h(y,y)Ngr,
for all0#£y € H.

Proof. We proceed as follows.

(1) Fix y € H with h(y,y) = 1. Let Np := R*(z,y)¢. Let 0 # w € H. If y and
w are linearly dependent, then R?(z,w)¢ = h(w,w)Ngr. We therefore assume y
and w are linearly independent. Choose z so {y, z} forms an orthonormal set with
respect to the inner product h and so w € Span{y, z}. We then have |R(z,y)¢|* = 1,
|R(z,2)€]? =1, and R(x,y)¢ L R(z, 2)E.

(2) Let R(z,y)¢ = (%) and R(x,z2) = (2) Then

oy

Rz, y) = ((gt gl) and R(z, z) = ((

(3) For 0 < 0 <, let

)

w o
4
K

R(7(9)) :=R(x, cos(0)y + sin(0)z)

0 cos(0)t + sin(0)5 N
(cos(@)f-i— sin(f)s  cos(0)Cy + sin(0)Co € 503 (1, 9).

Since h(y,y) = h(z,z) = 1 and h(y,z) = 0, {t,5} is an orthonormal spacelike
set. Thus we have |cos() + sin(f)5] = 1. We apply Lemma 4.1.2 (3) to see
that (cos(8)Cy + sin(0)Cy) € so2(q) for 0 < # < 7 and that the eigenvalues of
(cos(0)Cy + sin(0)Cy) are {0,+£+/—1}. Thus, by Lemma 4.3.3, we can choose a

basis e for R™~! so that

0 100 ... 0
1000 ... 0
0 000 ... 0
Ci=T=| 09 000 ... 0
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and
0 010 ... 0
0 000 ... 0
1000 ... 0
Co=Ti3=10 000 ... 0
0 000 ... 0

(4) We use equation (4.1.2.a) to choose vector t = (t1,t,0,0,...,0) and vector

§=(s1,0,83,0,...,0) so that t2 + 12 = s? + s2 = 1, that

0 t1 ta 0 O 0
t+ 0 1 0 O 0
to =1 0 0 O 0
R(z,y)=| 0 0 0 0 0 ol
O 0 0 0 O 0
0O 0 0 0 O 0
and that
0 S1 0 S3 0o ... 0
ss 0 O 1 0 ... O
o O o0 o0 0 ... 0
R(gj, z) = s3 =1 0 O O ... O
o o0 o0 O 0 ... 0
o o0 o0 o0 0 ... 0

(5) Since R(z,y)¢ = (0,t1,t2,0,...,0)" L (0,s1,0,83,0,...,0)" = R(x,2)&, we see
that t131 = 0.
(6) By Lemma B.1 in Appendix B, we have dim[W;(R(z,y)) + W1(R(z, z))] = 3.

Thus,
Wi(R(z,y)) + Wi(R(z, 2))

= Span{(sla 07 0, -1, 6)t7 (t17 0, -1, 07 6)t7 (837 L, 07 0, 6)t}
Since the vector (t2,1,0,...,0)" € Wi (R(z,y)) + Wi(R(x, z)), we must have s3 = t5.
From the relation 3 + t3 = s? + s3 = 1, it follows that ¢ = s?. Since ;57 = 0, we

have t; = s; = 0. Also, we have s3 = to = *1.
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(7) Without loss of generality, we may rescale w so that h(w,w) = 1. Since w

belongs to Span{y, z}, we may write w = cos(0)y + sin(#)z. Thus
R*(2, w)€ = cos?(0)(1,2,0,0,0)" + sin?(6)(1, s3,0,0,0)"
+ cos(f) sin(A) R(x, 2)(0, 0, t5,0,0)*
+ cos(f) sin(9)R(x, y)(0,0,0, s3,0)*
= (cos?(6) + sin(0))(1, t2,0,0,0)"

=R*(z,y)¢. O

We use Lemma 4.3.4 to establish a crucial result.
4.3.5 Lemma. Let ¢ > 3. Let R be a rank 2 null IP Lorentzian algebraic
curvature tensor. Let H be any spacelike hyperplane of dimension q. Then we have

that ﬂﬂ'eGr;r(H) Wi(R(m)) is a nontrivial 1 dimensional null line.

Proof. Let € € H* be a unit timelike vector. Let m,m € H. Fix m and we
let Np := R?(m1)€. Suppose that w3 N 7wy # {0}. We can choose bases so that
7 = Span{z,y} and that m = Span{z,z}. We use Lemma 4.3.4 to see R?(m)¢
is a nontrivial multiple of Ngr. If m N7 = {0}, then we can choose bases so
w1 = Span{xi,y1} and my = Span{xs,y2}. Let w3 := Span{zi,z2}. Again we
use Lemma B.1 in Appendix B to see that dim(m N 73) = dim(me N73) = 1.
So the nonzero null vectors R?(m)¢ and R?(m3)€ are both nontrivial multiples of

R*(m3)¢. O

4.3.6 Remark: We may call such Ni a universal null vector for R. We now
return to complete the proof of Theorem C (2).

4.3.7 Proof of Theorem C (2). Let R be a rank 2 null Lorentzian algebraic
curvature tensor with ¢ > 3. We have shown in Theorem 4.2.1 that ¢ = 3,4,7 or 8.

We now use Lemma 4.3.5 to eliminate the cases ¢ = 3 or ¢ = 7 as follows. Choose
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a nonzero null vector Ng € RY? so Ng € ﬂﬂeGr;r(Rq) Wi (R(m)). By Lemma 4.1.2
(2), Ng is a nontrivial multiple of R?(x,y)¢ for all pairs of linearly independent
spacelike vectors {z,y} C &+ = R9. So Npg is perpendicular to R(z,y)¢ for all
pairs of linearly independent spacelike vectors {z,y} C &+ = RY. This implies
0@® Ngr € R?! is perpendicular to the range of ®(x,y) for all z € S9=!. Thus
0 & Ng projects to define a nonvanishing global section to the quotient line bundle

L over RP7"!. Hence L=1and thus g=4or ¢=8. O
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CHAPTER V

CLASSIFICATION OF RANK TWO SPACELIKE

IP ALGEBRAIC CURVATURE TENSORS

In chapter V, we prove Theorem D by classifying rank 2 spacelike or timelike TP
algebraic curvature tensor for ¢ = 6 or ¢ > 9. We complete the proof of Theorem D
by showing that any rank 2 spacelike or timelike IP algebraic curvature tensor has
the form R = R4 for an admissible pair (C, ¢). Our crucial task is to build the map
¢. If x is a unit spacelike vector, we will show that Ny, y=1 W1 (R(z,y)) = L(x)
is a line. This defines a line bundle £ over the set of unit spacelike vectors. We will
show that this line bundle is trivial and choose a global unit section ¢ to £. We
will then show that ¢ extends to a linear map of RP'¢ that is an isometry if R is
spacelike and a para-isometry if R is timelike. It will then follow that R = R¢ 4 for
some C' # 0. We will use the Bianchi identities to show ¢? = id if R is spacelike
and that ¢? = —id if R is timelike. Here is a brief outline to chapter V. In §5.1, we
begin our study with some algebraic preliminaries. In §5.2, we first construct the
line bundle £, then show L is trivial. We subsequently construct ¢ and show it has

the required properties. In §5.3, we prove Theorem D and Theorem G (1).
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§5.1 Linear Algebra Technical Lemmas

The following technical lemma is needed to simplify some later calculations.
5.1.1 Lemma.
(1) Let m; be spacelike p-planes for i = 1,2. There exist orthonormal bases {u, }
and {v,} for m and my respectively so that g(u,,v,) =0 for v # p.
(2) Let T be a rank 2 spacelike IP algebraic curvature tensor with eigenvalues

{0,++/—1}. Then T induces a unitary almost complex structure on Wi(T).

Proof. (1) Let p; be orthogonal projection on m; for i = 1,2. If {v,} is an orthonor-
mal basis for 7o, then for any v, we have pa(v) = ) g(v,v,)v,. Define a symmetric

bilinear form on mw; by

h(&,n) == g(p2(£), p2(n))

Since 7y is spacelike, the metric on 7 is positive definite. We can diagonalize h with
respect to this metric to find an orthonormal basis {u, } for m; so that h(u,,u,) =0

for v # 1. Thus g(pa(u,), p2(u,)) = 0 for v # s, and g(pa(w,), pa(u,)) = Ay Let T

be the set of all v so that pa(u,) # 0. Forv € Z, let v, := |Z;EZZ§| . Note that if v € T

then we have py(u,) = 0, i.e. A\, = 0. We extend {v,},c7 to a full orthonormal
basis for mp. We check that the bases {u,} and {v,} satisfy the conclusions of (1)

by checking

9(uy,vu) = g(p2(uv),vu) = g(\/ruvuavu) = 0 for p # v.

(2) Assume that T is a rank 2 spacelike IP algebraic curvature tensor. Since W1 (T')
is spacelike, we may decompose RP'? = Wy (T)@W;(T)*. Since W1 (T) = Range(T),
Wi (T) is preserved by T. As T is skew-symmetric, T vanishes on Wy (T)*. The
eigenvalues of T2 are {0, —1}. Since the eigenvalue —1 has multiplicity 2, T? = —1

on Wi(T). Thus T defines a unitary almost complex structure on W1 (7). O
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5.1.2 Lemma. Let R be a rank 2 spacelike IP algebraic curvature tensor. Let
{z,y, 2z} be an orthonormal set of spacelike vectors. Then there exists an orthonor-
mal set of spacelike vectors {a, 3,7} so that

Wi (R(z,y)) = Span{a, 5} and W1(R(zx, z)) = Span{a, v}.

Proof. We adopt the notation used to prove Lemma B.1 in Appendix B to see that
dim[W1 (T1) N W1 (Tz)] = 1. Let o € Wi (T1) N W1 (T2) be a unit spacelike vector.
By rescaling we may assume R has eigenvalues {0,4+v/—1}. Let 8 := Ty and let
~v := Toa. Then we have that {«, 3,7} are linearly independent. Furthermore,
we see that Wi(Ty) + W1 (Tz) = Span{a, 3,7}, that @ L (3, and that o L . We
compute:

123 = g(T2B, a)a + g(T2B,7)y = —g(B, Taa)a — g(B, Toy)y

= —g(B,7)a+ g(B, )y = —g(B,7).
Tyy = g(Try, a)a+ g(Tvy, B)B = —g(v, Tia)a — g(v, T18) 8

=—9(v,B)a+g(y,a)8 = —g(B,7)e.
For 6 € [0, ], let 7(6) := Span{a, cos(f)5 + sin(f)y}. Then

R(m(6))a = (cos(8) Ty + sin(0)Ty)or = cos(6) + sin(6)7,

R(m(0))B = (cos(0)T1 + sin(0)T2)8 = —{cos(8) + (B, v) sin(f) }cv,

R(m(0))y = (cos(0)T1 + sin(0)T2)y = —{g(53,7) cos(f) + sin(0) }ov.
Thus relative to the basis {a, 3,7}, R(7(6)) has the form:

( 0 —{cos(0) +g(B,7)sin(0)} {9(6,7)008(9)+Sin(9)})

R(mw(6)) = | cos(0) 0 0

sin(0) 0 0

Let xo(A) be the characteristic polynomial of R(m(#)) acting on the space spanned

by {a, 3,~}; this space is R(w(#)) invariant and containing the range of R(w(f)).
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Thus since R is IP, xo(A) is independent of 6 and () must have roots {0, +v/—1}
for all 6 € [0, 7]. We compute:

A {eos(0) +g(B,7)sin(0)}  {g(B,7) cos(0) + sin(6) }
Xo(A) = det | —cos(0) A 0
— sin(0) 0 A
= X3+ M1 4 2¢(8,7) sin(#) cos(8)}.
Since Spec(R(w(0))) is independent of 6 by assumption, 2g(/3, ) sin(@) cos(f) = 0

for all € [0, 7]. Thus we must have g(3,7) = 0. Our assertion now follows. [

5.1.3 Corollary. Let R be a rank 2 spacelike IP algebraic curvature tensor. Fix

a unit spacelike vector x. Then for any spacelike vector y,z 1 x, we have

Proof. Let {z,y,z} be an orthonormal set. We adopt the notation used to prove
Lemma 5.1.2 to see that
Tha=p8, Tha=y, T1f=—a, Ta =0, Tiy=0, Tay = —q;
T'Thoa=Tyv=0, T1T6 =0, and T1Toy =T (—a) = —f.
Hence Tr(T173) = 0. Thus Tr(R(z,y)R(z, z)) = —2¢(y, z) in this special situation.
More generally, we use multilinearity to see that for any spacelike vectors y, z L =z,

we have Tr(R(z,y)R(x, z)) = —2¢(y,2). O

§5.2 The “Common Axis” Lemma and Its Consequences

We assume ¢ > 6 henceforth. In this section, we prove the “common axis”
lemma and then construct admissible pair (C, ¢) so that R = Rc 4. We introduce
the following definition.

5.2.1 Definition. If H is a linear subspace of RP4, let S(H) :={v e H : |v| = 1}
and let P(H) := S(H)/Zs be the associated projective space. If x € S(RP'?), we
set

P(x):={m e GTZBQ)(RP"I) rxentan L(x) = Neep@Wi(R(T)).
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We now show that £(x) is 1 dimensional; this line will be called the “common axis”
defined by z.
5.2.2 Lemma. Let R be a rank 2 spacelike (or timelike) IP algebraic curvature

tensor. Suppose that ¢ > 6. If v € S(RP'?), then dim L(z) = 1.

Proof. Suppose R is spacelike. Fix x € S(RP'?). Let H be any spacelike subspace

of RP? which contains x with dim H > 3. Let

P(z,H):={nr€Gry(H):x € H} C P(z), and

L(x,H) := Nrepe,mWi(R(T)) 2 L(z).
We first establish that dim £(x, H) = 1. We use Lemma B.1 in Appendix B to
see that dim £L(z, H) < 1. Suppose that dim L(z, H) = 0; we shall argue for a

contradiction. We may suppose without loss of generality that H is maximal so

that diimH = ¢ > 6. Let H := HNz. If y € S(H), let

m(y) == span{z,y} and o(y) :== Wi(R(7(y))).

Let §j € S(H). By Lemma B.1 in Appendix B, if y # Fy, then L(y, %) := o(y)No (%)

is a line. Since dim £(z, H) = 0, there must exist unit vectors {y;} in H so that

o(y1) No(y2) No(ys) = {0}.

Let E := o(y1) + o(y2). We use Lemma B.1 in Appendix B to see that F is a
3-plane. Moreover, since L(y1,ys) = o(y1) No(ys) and L(yz,y3) = o(y2) N o(ys),

L(y1,y3) N L(y2,y3) = o(y1) No(y2) No(ys) = {0}, so L(y1,ys) and L(yz2,y3) are

different lines contained in o(ys3). Thus

o(y3) = span{L(y1,y3), L(y2,y3)} C E.
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Let y € S(H) and suppose y # +y; for i = 1,2,3. If L(y1,y) = L(y2,y) = L(y3,y),

then these three lines coincide and
L(ys,y) C o(y1) No(y2) No(ys) = {0} which is false.

Thus at least two of these lines are different so

o(y) = span{L(y1,y), L(y2,y), L(y3,y)} C o(y1) + o(y2) + o(y3) = E.

Now we have a well defined continuous map o : P(H) — Gry(F) which is injective.

This is impossible for dimensional reasons; because ¢ > 6 we have
dim P(H) = g — 2 > dim Gry(E) = 2.

The argument given above shows that dim £(x, H) = 1. To complete the proof,
we need only show that dim £(z) = 1. Suppose that dim £(z) = 0. We must then

have planes m; € P(x) so that
(5.2.2.&) Wl (R(Wl)) N Wl (R(Wz)) N Wl (R(Wg)) = {0}

Let {x,y;} be an orthonormal basis for 7;. Let H(z) be a maximal spacelike sub-

space containing x. Because ¢ = dim H > 6, we can find an orthonormal set
{z1,20} CH(zx) Nz Nyi Nys Ny3.

Let H; := span{z,y;, z1,22}. This is a spacelike set for i = 1,2,3. Consequently
the argument given above shows Wi (R(x,z1)) N W1 (R(z, 22)) C Wi(R(x,y;)) for
i = 1,2,3. This contradicts equation (5.2.2.a) and our assertion follows. We argue

similarly if R is timelike. [
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Let R be a rank 2 spacelike IP algebraic curvature tensor. Since L(z) = L(—z),

we may use Lemma 5.2.2 to define a map
L: GT(O,I) (Rp’q) — G’I"(O’l)(Rp’q)

from the set of spacelike lines to the set of spacelike lines; we showed in Lemma
2.6.2 that this map is continuous.
5.2.3 Lemma. Let ¢ =6 or q > 9. Let R be a rank 2 spacelike IP algebraic
curvature tensor. Let T; € Gro1)(RP9) fori=1,2.
(1) If L(11) = L(72), then 71 = To.
(2) If 11 L 19, then L(11) L L(72). Furthermore, if x; are unit spacelike vectors
spanning the lines ;, then W1 (R(x1,x2)) = L(11)DL(T2) is an orthogonal direct

sum decomposition.

Proof. Let 71 and 75 be distinct lines. To establish assertion (1), we suppose that
L(11) = L(12) and argue for a contradiction. We first show in Step 1 that for any
7 € Gro,1)(RP?), L(1) = L(71); let £ be this “universal common axis”. We then
use topological methods to derive the desired contradiction in Step 2.

Step 1. Let x; be unit spacelike vectors spanning the lines 7; € Gr (g 1)(RP?) for
i = 1,2,3. Suppose L(11) = L(72). We wish to show L(73) = L(711) so L is the
“universal common axis”. Because ¢ > 5, we may choose an orthonormal spacelike
subset {y1,y2} of R”? so that y; L x; for i = 1,2 and j = 1,2,3. We use Lemma
B.1 in Appendix B to see that

Wi(R(z1,91)) N Wi(R(21,y2)) = L(#1) = L(w2) = Wi(R(22, y1)) N Wi(R(22, y2)-
We use Lemma B.2 in Appendix B to see that

L(x1) C Wi (R(21,y:)) N Wi(R(z2,v:)) = L(yi)
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so L(y;) = L(z1) for i = 1,2. Thus L(z1) C Wi(R(x3,y;)) for i = 1,2. Since

{z3,y1,y2} is an orthonormal set, we see that £ is a “common axis” by checking:
L(z1) C Wi(R(xs,y1)) N Wi(R(zs,y2)) = L(z3).

Step 2. Let H be a maximal spacelike subspace of RP*?; we then have that H=
is a maximal timelike subspace and that RPY = H & H+. Let py be orthogonal
projection of RP*? onto H. Let {y1,y2} be any orthonormal subset of H and suppose
that pg R(y1,y2)L = 0. Since £ C Wi (R(y1,y2)), R(y1,y2)L is a spacelike line. But
prR(y1,y2)L = 0 implies R(y1,y2)L C H* so R(y1,y2)L is timelike. This is false.

Thus pg R(y1,y2)L # 0. Let A be a unit vector in £. We now define a bilinear map
¢:HxH—-ROHYy ®(hi,hs):=g(hi,h2) ® puR(h1, h2)A.

We show & is nonsingular as follows. Suppose hy # 0 and hy # 0. If ®(hy, hy) =0,
then g(hi,hs) = 0 so hy L hy. Furthermore pgR(hi, ho)\ = 0. It follows that

p HR(|h—1|, |Z—§))\ = 0 which is false as {%, |Z—§|} is an orthonormal subset of H. We

apply Lemma 2.6.1 to H = RY to complete the proof of assertion (1).

We clear the previous notation to prove assertion (2). Let {z1,x2} be an or-
thonormal set of spacelike vectors. Since ¢ > 3, we may choose a third unit space-
like vector x3 which is perpendicular to x; and z,. Let A; be unit vectors in
L(x;). We will show A\; L A\a. Since {1, Ao} C Wi (R(x1,x2)), this will then imply
Wi(R(z1,x2)) = L(x1) ® L(x2) is an orthogonal direct sum decomposition.

We choose {v1, A3} and {va, A3} to be orthonormal bases for the spacelike 2-
planes W1 (R(x1,x3)) and Wi (R(z2,23)) respectively. By Lemma 5.1.2, these two
planes meet at right angles, v; L vy so {v1,v2, A3} is an orthonormal set. Since

A € Wi (R(x1,23)) and Ay € Wi (R(z2,x3)), we may choose angles 6; so that

A1 = cos(01)A3 + sin(f1)v; and Ay = cos(02) A3 + sin(fz)vs.
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As x; # +x3, sin(;) # 0 for s = 1,2 by assertion (1). We define \; € Wy (R(z;, z3))
with A; L \; by:

A1 := —sin(f;)As + cos(fy)vy and Ay := —sin(B) A3 + cos(62)ve.

We use the fact that Ay € Wi (R(x1,x3)) N W1 (R(z1,22)), the fact that these two
planes are perpendicular, and the fact that A; L \; to see A\, L Wi(R(x1,x2)), so

in particular Ay L Ao. Since {v1,v2, A3} is an orthonormal set,
0= g(A1, \y) = —sin(8;) cos(y).

Since sin(f;) # 0, we have cos(f2) = 0 and thus A\; = +v;. A similar argument

shows that Ao = £wvy. [0

The map 2 — L(z) is a continuous map from S(RP?) to Grg1)(RP9). By
Theorem 1.2.8 S(RP'?) is simply connected, so we can lift this map to a map ¢ :
S(RP9) — S(RP?7). We extend ¢ radially to the set of all spacelike vectors in RP4
by defining

$(0) := 0 and ¢(x) := |a] - ¢(|2| ') if 2] > 0.

We use Lemma 5.2.3 to show:

5.2.4 Lemma. Let ¢ =6 orq > 9. Let R be a rank 2 spacelike IP algebraic
curvature tensor.
(1) If m € Gr(o,2)(RP), then ¢l is a linear isometric embedding.

(2) We may extend ¢ to a linear isometry of RP9.

Proof. Let {x,y} be an orthonormal basis for a spacelike 2-plane 7. Choose z so
{z,y, z} is an orthonormal set. Let T} := R(z, z) and T := R(y, z). For 6 € [0, 27],

let 7(6) := Span{cos(#)z + sin(d)y, z}. Then we have

R(m(0)) = R(cos(0)z + sin(0)y, z) = cos(0)T7 + sin(0)T5.
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Since {cos(f)x + sin(f)y, z} is an orthonormal basis for 7(6), we may use Lemma

5.2.3 to see that
Wi (R(mw(0))) = L(cos(0)x + sin(f)y) & L(z)

is an orthogonal direct sum decomposition. On the other hand, by rescaling we may
assume R has eigenvalues {0, £v/—1}, so by Lemma 5.1.1, R(7w(6)) is a 90° rotation
in W1 (R(7(0))) = Range(R(mw(6))). Thus

L(cos(0)x + sin(0)y) = R(w(0))L(z)

= (cos(0)T1 + sin(0)T2)o(z) - R.

Thus ¢(cos(0)z +sin(0)y) = €(0)(cos(0)T1 +sin(0)T2)p(z) for any 6 with €(0) = £1.
By continuity, the choice of € is independent of . Therefore ¢(z) = eT1¢(z) and

¢(y) = €I2¢(2), so we have the identity:

¢(cos(0)x + sin(0)y) = cos(0)p(x) + sin(0)p(y).

It now follows that ¢(—z) = —¢(x) so ¢(Ax) = A¢(x) for all A € R. Consequently

for any A and 6 we have:

d(Acos(B)x + Asin(f)y) = Acos(0)d(x) + Asin(f)o(y).

This shows that the map ¢ is linear on 7. Since |¢(z)| = |z| for any spacelike vectors,
¢ is an isometric embedding of 7; this proves assertion (1) .
We extend ¢ to all vectors in RP? as follows. Let v € RP*9. Choose z spacelike

with 2z 1 v so that |z|*> > |[v|?. Then 2z and z + v are spacelike so

¢.(v) = ¢(z +v) — ¢(z) is well defined.
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If v is spacelike, then Span{z, v} is spacelike and hence ¢, (v) = ¢(v). We check this
is independent of the choice of z as follows. Suppose z; are spacelike vectors with
z Lvand |z|* > |v[%. Since ¢ > 6, we may choose w spacelike with w L {21, 22,0}
and |w| large. Since the planes {z; +v,w}, {z;,w}, {v+w, z;} are spacelike we may

use assertion (1) to see that ¢, (v) is independent of the choice of z; by computing:
¢z, (v) =¢(2 +v) — ¢(2:)
=p(v + zi) + o(w) — ¢(2:) — P(w)
=p(v + 2z +w) — ¢(z; +w)
=p(v+ w+ 2z) — p(w + 2)
=p(v +w) + ¢(z:) — d(w) — ¢(z)
=o(v+w) — P(v).

The proof that ¢ is linear is similar. Let {v1,v2} be given. Choose z spacelike with

z L {vy,v2}. We may then argue if € is sufficiently large that:
P(v1 + v2) =¢(v1 + va + €2) — P(e2)
=¢(v1 + v2 + €2) — (v + €2)
+ ¢(ve +€2) — ¢(e2)

=¢(v1) + ¢(va2).

Let A1 # 0. We complete the proof that ¢ is linear by checking that:
d(Av1) =p(Mv1 + Aez) — p(M\e2)
=\1o(v1 +e2) — M\ o(e2)
=A1¢(v1).

Let Qu(x) := |¢(x)|*> — |z|>. This is a quadratic function on RPY as ¢ is linear.

Furthermore, Q4(x) vanishes by construction if x is a spacelike vector. Thus Q4
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vanishes on the nonempty open set of nonzero spacelike vectors. Thus all the partial
derivatives of Qg vanish on this open set. Since Q)4 is quadratic, (), vanishes

identically. Hence ¢ is an isometry. [

The timelike case is similar. The domain and the range have been decoupled
to this point; thus the sign of the target metric is irrelevant. We say that a map
¢ : RP% — RPY is an para-isometry if we have that g(¢(v), ¢(v)) = —g(v,v); this
necessarily implies that p = ¢q. The proof given of Lemma 5.2.4 extends immediately
to establish the following assertion:

5.2.5 Lemma. Let ¢ = 6 or q > 9. Let R be a rank 2 timelike IP algebraic
curvature tensor.

(1) If 7 € Gr(o,2)(RP?), then ¢l is a linear para-isometric embedding.

(2) We may extend ¢ to a linear para-isometry of RP9.

§5.3 Classification of Rank 2 Spacelike IP Algebraic Curvature Tensors

We recall some notation from §1.2.4. Let (C, ¢) be an admissible pair, we define:

Rep(x,y) : 2 — C{g(o(y), 2)9(x) — g(p(x), 2)o(y)}-

Recall that ¢ is unipotent (of order 2) if ¢ = id and that ¢ is unipotent (of order
4) if ¢2 = —id.

We now consider a special case. Let R := Ry ;q. Then we have

(5.3.0.a) R(x,y):z — gy, 2)x — g(x, 2)y.

5.3.1 Proof of Theorem D. We prove assertion (1) of Theorem D as follows. we
first assume that ¢ is an unipotent (of order 2) isometry of RP9. Let m = Span{x,y}

be an oriented spacelike 2-plane. From equation (5.3.0.a), we see that R preserves
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the 2-plane 7; R(x,y) : y — = and R(z,y) : © — —y. It vanishes on 7+. Thus
R is IP of rank 2. More generally, for any C' # 0, since ¢ is an isometry and
since ¢? = id, we have R¢ 4(m) = CR(¢m) and hence Rc 4 is IP of rank 2 for
C # 0. We now verify that Rc 4 satisfies the curvature identities. It is immediate
that Reog(z,y) = —Re,¢(y,x). Since ¢ is an isometry and since ¢ = id, we have
g(¢(u),v) = g(u, ¢(v)). Thus we may check that R¢ 4 satisfies the second curvature
identity by computing that:
9(Ro.g(x,y)z,w) =C{g(d(y), 2)9(6(x), w) — g(d(x), 2)g(¢(y), w)}
=C{g(y, 9(2))9(x, p(w)) — g(z, (2))9(y, p(w))}

:g(RC7¢(Z, ’lU)Ilf, y)
We may also verify that the Bianchi identities are satisfied by computing;:

Reog(x,y)z+ Rog(y, z)r + Rog(z, )y
=C{g(d(y), 2)o(x) — g(¢(z), 2)0(y) + 9(d(2), 2)d(y) — 9((y), ©)P(2)
+ 9(o(2), y)d(2) — g(&(2), y) ()}
=0.
We now consider ¢ is an unipotent (of order 4) para-isometry. For any C' # 0, we still
have R 4(m) = CR(¢m) and hence Re 4 is IP of rank 2. We now verify that Re g

satisfies the curvature identities. It is immediate that Rc 4(z,y) = —Rc,¢(y, ).

Since ¢ is a para-isometry and since ¢? = — id, we have

9(¢(u),v) = —g(¢*(u), d(v)) = —g(~u, $(v)) = g(u, $(v)).

Thus we may check that Rc 4 satisfies the second curvature identity by computing
that:
9(Rog(@,y)z,w) =C{g(d(y), 2)9(d(x), w) — g(¢(x), 2)g(d(y), w)}

=C{g(y, 0(2))g(x, ¢(w)) — g(x, ¢(2))g(y, p(w))}

=g(Rc ¢(z, w)x,y).
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We may also verify that the Bianchi identities are satisfied by computing:
Reo(,9)2 + Re.s(y, 2)7 + Re.g(z,2)y
=C{g(o(y), 2)d(x) — g(¢(x), 2)d(y) + 9(d(2), 2)o(y) — 9(d(y), ¥)H(2)
+9(0(x),y)¢(2) — g(d(2), y)o(2)}

=0.

We now prove assertion (2) of Theorem D. We use Lemma 5.2.4 to define a
linear map ¢ on RPY so that ¢(z) € L(z) for any unit spacelike vector x. If R is
spacelike, then ¢ is an isometry; if R is timelike, then ¢ is a para-isometry. Assume
R has eigenvalues {0, +C+/—1} for some constant C' # 0. By rescaling, we may
assume that C' = 1. Let {z,y} be an oriented orthonormal basis for a spacelike
2-plane 7. Since {¢(x),¢(y)} is an orthonormal basis for Wi (R(7w)) = ¢(m) and

since R(7) is an almost complex structure on Wi (R()),

R(m)o(y) = e(m)d(x) and R(m)p(x) = —e(m)¢(x)

where (7) = £1. Since Gr}t

© 2)(R]"’q) is connected and e is continuous, ¢ is inde-

pendent of w. Again, by rescaling R if necessary, we may suppose that ¢ = +1.

Thus

(5.3.1.a) R(z,y) : 2 — g(¢(y), 2)d(x) — 9(¢(), 2)¢(y) for all z € R

Since both sides of this identity are bilinear and skew-symmetric in (x,y), this
identity holds as long as {x,y} spans a spacelike 2-plane. Since the identity is
trilinear and holds on a nonempty open set of (RP-?)3, it holds identically for all
(z,y,2); the argument is the same as that given using partial derivatives to show

that ¢ was quadratic in the proof of Lemma 5.2.4 and is therefore omitted.
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We now study ¢?. Let {x,y} be an orthonormal subset of RP*? which spans
a spacelike 2-plane m. We apply the Gram-Schmidt process to {z,y} to extend
to a full orthonormal basis {z,y,e;} for RP*?. Since ¢ is either an isometry or a
para-isometry, ¢(z) L ¢(e;) and ¢(y) L ¢(e;) for all i. We use the second curvature
symmetry and equation (5.3.1.a) to compute:
9(R(p(x), o(y))z, i) =g(R(z, ei)d(x), ¢(y))
=g(¢(ei), p(x))g(¢(x), (y))
— 9(o(2), d(x))g(d(e:), d(y))

=0.

Since g(R(¢p(x), ¢(y))x,x) = 0, we have R(p(x), ¢(y))x = Ay for some X\. We show

that A = —1 by computing:

A= g(R(o(x), 9(y))z,y) = g(R(x,y)9(x), ¢(y)) = —1.

This shows that z € Wy (R(¢(z), ¢(y)), so consequently = € L(¢(z)). Thus we have
¢(¢(x)) = e(z)x where e(z) = £1; again, continuity implies ¢ is independent of z.
Let g(6(u), 6(v)) = dg(u,v) and ¢ = eid. Let {z,y} be an orthonormal
spacelike set so that = L ¢(y). We show & = & by computing:
0 =R(z,y)¢(x) + R(d(z),z)y + R(y, d(z))x
=C{g(6(y). o(x))d(x) — 9(d(x), $(2))(y) + 9(d(x), y)¢*(x)
— 9(¢*(2),y)p(x) + g(¢* (), 2)d(y) — 9(4(y), )¢ (x)}
=C{—=0¢(y) +eo(y)}. O
5.3.2 Proof of Theorem G (1). Let m > 10. Let R be a nontrivial Lorentzian

IP algebraic curvature tensor on R»™~!., Theorem A (1) implies rank R = 2. We

use Theorem B to see that either R is spacelike or R is mixed or R is null. We
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use Theorem C to see that R is not mixed or null. Thus R is spacelike. We use
Theorem D to see that R = R¢ 4 for an admissible pair (C, ¢) with ¢ an unipotent
(of order 2) isometry of RL™~1. [0

5.3.3 Remark: The classification of rank 2 spacelike IP algebraic curvature
tensors exhibits an analogue of the Raki¢ Duality in this setting: Let ¢ = 6 or
q > 9. Let R be a rank 2 spacelike IP algebraic curvature tensor. Let m and o be

two spacelike 2-planes in RP*9. We have R(m)o C o if and only if R(o)m C .
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CHAPTER VI

SOME EXAMPLES OF PSEUDO-RIEMANNIAN MANIFOLDS

In chapter VI, we prove Theorems E and F and we complete the proof of The-
orem . We shall henceforth assume m > 10. In §6.1, we generalize the argument
given by Gilkey, Leahy and Sadofsky [48] to prove Theorem E. In §6.2, we generalize
the warped product construction of Gilkey, Leahy and Sadofsky, and of Ivanov and
Petrova to higher signatures to prove Theorem F. In §6.3, we first show that any C-¢
type metric is a warped product of an interval with a metric of constant sectional
curvature. We subsequently use the seven steps outlined in §1.4.2 to complete the
proof of Theorem G. In §6.4, we discuss the orthogonal equivalence of the curvature

tensors Re .

§6.1 The Geometric Realizability of IP Algebraic Curvature Tensors

6.1.1 Definition. A metric gps is said to be C-¢ type if there exists a smooth
nonzero function C(z) on M and if there exists a smooth section ¢ to the bundle
of unipotent (of order 2) isometries or unipotent (of order 4) para-isometries of the
tangent bundle so that R,,, = R¢,¢ at each point of M. We shall focus on the case
where ¢ is an unipotent (of order 2) isometry.

In Lemma 6.1.2, we show any unipotent (of order 2) isometry ¢ induces an
orthogonal direct sum decomposition BP9 = F, & E_ into the £1 eigenspaces of

¢. In Lemma 6.1.6, we give a geometric realization of this tensor. In Theorem E,
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we show R¢ 4 is not geometrically realizable by a C-¢ type IP metric if dim £ > 1
and if dim F_ > 1.
6.1.2 Lemma. Let ¢ be an unipotent (of order 2) isometry of RP*9. There exists

an orthonormal basis for RP? which diagonalizes ¢.

Proof. Let ¢ € O(p,q) with ¢? = id; then necessarily ¢ = ¢*. Let E. be the 1

eigenspaces of ¢. For any x € RP'Y, we can write
T =1(z+¢z)+ 5(z — ¢a).
Since %(x + ¢x) € Ey, we have RP9 = F, + E_. If x4 € E, then we have:

g(m+,x_) = g(¢$+,$_) = g(x+,¢x_) = —g($+,l‘_).

Thus £y L E_. So RP? = E, @ E_ is an orthogonal direct sum decomposition.
Let g+ := g|g,. Since E4 1 E_, we have g = g+ @ ¢g_. Since the metric g is
nondegenerate, the metrics g+ are nondegenerate on Fy. Consequently, we can

find bases diagonalizing g+ and ¢. O

6.1.3 Definition. We say that {e;} is a normalized orthonormal basis for RP+9,
if
g(ei,e;) = e;e; and ¢(e;) = d;e; where g; = +1, §; = £1.
We omit the proof of the following lemma as it is an immediate algebraic consequence

of the definitions given above.

6.1.4 Lemma. Let {e;} be a normalized orthonormal basis. Then we have :
Rc s(eisej,e4,e;) = Ceig;0;05 fori # j,
Rec s(ei, e, ex,e0) =0 for (i,5) # (k,0) and (3,j) # (¢, k).
Rc y(ei ej)e; = Cejdidje; fori#j

Rc o(ei ej)er =0 fori# k and j # k.
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We use Lemma 6.1.2 to diagonalize ¢ and define an orthogonal direct sum decom-
position RP? = E, @& E_, where F are the £1 eigenspaces of ¢. The restrictions
of g to E1 determine nondegenerate metrics g4 of signatures (p+,q+) and permit
us to further decompose E4 according to g4+. Thus we have the orthogonal direct
sum decomposition RP9 = E, L ® F,_ & E_ & E__. The notation is chosen so
that g =+1on By @ Fy_,sothat ¢ = —1on E_, & E__, so that g is positive
definite on F,y & E_,, and so that g is negative definite on £, _ & E__.
6.1.5 Definition. Let
ry:=dmFEy, pp :=dimFE 4, ¢ :=dimE,_,
p_:=dimFE_4, and ¢ :=dim F__.
Then py +q4y =ry, p—+¢-=r_, py+p_=gq, and ¢+ +¢- =p.
The following lemma gives a geometric realization of R¢ .
6.1.6 Lemma. Let ¢ be an unipotent (of order 2) isometry of RP9. Choose a

normalized orthonormal basis {e;} and introduce coordinates v =), x;e; on RP1.

Let
- c
ds s =, {&- (1 — T D 5j6i5jx§>d:cf}.
This defines a nondegenerate metric of signature (p,q) near the origin so that the

coordinate frame e; := {%} s a mormalized orthonormal basis at the origin. We

have that R(0) = Rc 4.
Proof. Let {0; := 8%1- : 1 <i < p+ q} be the standard coordinate frame on RP.
Let
9ij/k = Okg(0i, 0;) and g;j/x := 010k g(0i, ;).

We compute:

(1) g(0;,0;)(0) = €;, where g; = £1.

(2) 9(8;,0;)(0) = 0 for i # j.

(3) 9ij/k(0) =0for 1 <i,j <p+q.



86

Relative to this coordinate frame, we have:

Cijk = 3(gjksi + Gik/s — Gij/k)-

Thus I';;5(0) = 0. We compute:
Rijke(0) =9((Va, Vo, — Vo, Va,)0k, 9)(0)
=9(9iTjke — 0Tike)(0)
(6.1.6.a) =519je/i6(0) + Greyi5(0) — gjnyie(0)
— it/ i£(0) = gresij (0) + gir/2(0)]
=5 9ik/¢(0) + gje/ir(0) = gjrsie(0) — gies 1 (0)].
We use the definition and (6.1.6.a) to compute

Rijie(0) = 0 for (i, j) # (k,£) and (i, j) # (£, k);

Rijji(o) = —%[gii/jj(O) -l—gjj/ii(O)] = CEiEj5i5j. ]

6.1.7 Remark: This metric need not be IP away from the origin.
We now introduce contraction of tensors which is needed later in our discussion.

6.1.8 Definition. Let the natural map c : @*(T*M) — ®2(T*M) be defined on

pure tensors by

(w1 ®wr ®ws @wy) = g(ws, ws)ws @ wa.

Since this map is bilinear, it extends to a map on the whole tensor product.

6.1.9 Lemma. Contraction commutes with covariant differentiation.
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Proof. We compute
(Ve (w1 ® wa ® w3 ® wy))
=c(Ve,w1 @ wo @ w3 @ wy + w1 @ Ve, wo @ ws @ wy
+ w1 ®wr ® Ve, w3 @ws + w1 @wy ®ws ® Ve, wy)
=g(w2,w3) Ve, w1 @ wy + g(w2, w3)ws ® Ve, wy
+ (Ve w2, w3)wi @ wy + g(wa, Ve, w3)wi @ wy
=g(w2,w3) Ve, w1 @ wy + g(w2, w3)ws ® Ve, wy
+ er{g(wa,w3) w1 @ wy

=V, c(w @ ws Qws @wy). O

6.1.10 Notational conventions. Let g be a rank 2 C-¢ type IP metric. Let R be
the curvature tensor of g. Suppose there exist C' # 0 and ¢ an unipotent (of order
2) isometry of RP”Y so that R = Rc¢ 4. Let indices 4, j etc. range from 1 through
m = p+ q. Let the roman indices a, b, etc. range from 1 through r,. Let the greek
indices «, 3 range from r; + 1 through m. We use Lemma 6.1.2 to choose a local
frame e diagonalizing ¢ so that ¢e, = e, and that ¢e, = —e,. Let ¢;; := g(¢e;, ;).
Let ¢ij.k, Rijre, and Rjjie,n be the components of V¢, R, and VR. Let F. be the
distributions defined by the 41 eigenspaces of ¢. Then {e,} span F and {e,} span
F_.

We adopt arguments of Gilkey, Leahy and Sadofsky [48] to establish the follow-
ing technical lemma which we shall need later.

6.1.11 Lemma. Let m > 4. Let g be a C-¢ type IP metric of rank 2. Then:

(1) Rijiesn = Cin(@itdje — Gindje) + C(bitn @ik + GitPjkin — ikin®je — GikPjen)-
(2) We have ¢ij.1 = ¢ji;i for any i, j, and k.

(3) We have ¢ap.i =0 and ¢pop; =0 for any a, b, o, 5, and i.
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(4) If i, j, and k are distinct, then ¢ij.p = Gik:;-
(5) Ifa #b, then duap = 0; if & £ B, then daass = 0.
(6) The Christoffel symbols I';q0, = %¢aa;i.
(7)
(8)

7) The distributions FL are integrable.

8) If there exists o # 3, then

C;a = _C{Eﬁ¢ﬁa;ﬁ + 5a¢aa;a} and C;B = _05a¢a5;a-
(9) If there exists a # b, then

C;a = C{5a¢aa;a + 5b¢o¢b;b} and C;b = Cgoc¢ab;a-
(10) Ifr— >3, then C., =0. Ifry >3, then C,, = 0.
(11) Either ro <1 orr_ <1.
Proof. We covariantly differentiate the identity R;jre = C(¢irPjx — Pindje) to see
Rijren =Ve, (C(Qudjr — Pirdje))
=Cin(Piedjr — Gik@je) + C(PienPjk + PiePjkin — PiksnPje — PirBjn)-
Assertion (1) follows. Since ¢ € O(p, q) with ¢? = id, ¢ is necessarily self-adjoint so

assertion (2) holds. To prove assertion (3), we consider the 4 cotensor ® € @*(T* M)

defined by ®(x,y, z,w) := g(¢z,y)g(¢z,w) and compute:
O =3, o biipree’ @l @k @ el
c® =3,k 9" bijdnee’ @ e

= Zi,é Zj,k 5j5i5jk;6i5ij€k5k6k;£€i ® e’

= Zi,j z—:iéijei (9 Gj

=2 9i¢' @€
Thus ¢® = g. Since Vg = 0, we have V., c¢® = V. g = 0 and hence by Lemma
6.1.9 we see that cV., ® = 0. We have

Ve, ® = (Gijindre + dijdren)e’ @ €l @ " @ e’
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Since ¢;; = 0 for 7 # j and ¢, = 0 for k # £, we use the relation ¢V, ® = 0 to

see
0 :€£¢i€;n¢€£ + €i¢ii¢i£;n

=€0€¢0pPityn + €i€i0; Pitin
:(58 + 5i)¢i£;n-
Assertion (3) now follows. We use the second Bianchi identity:

Rijk@;n + Rij@n;k; + Rijnk;ﬂ =0

to prove assertion (4). Let {i,j,¢,n} be distinct indices, this is possible as m > 4.

We use assertion (1) and the fact that ¢;» = ¢;; = ¢ = 0 to compute:
Rijjomn =Cin(iedsj — Gijdije)
+ C(Pitn®jj + GiePjjin — Pijin®ie — GijPjen)
=Chie;nPjy-
Rijejin = = Rijjen = —Coiendjj-
Rijke; =Cij(biedjn — djkdie)
+ C(ijbjk + Piedjrij — PjkijPie — PjnPies;)
—0.
We relabel the indices at this point. Let {4, j, k} be distinct. Since m > 4, we may

choose /¢ so {i, j, k, ¢} are distinct indices. We now use the second Bianchi identity

with (7,4, k,¢,n) = (i,£,4,7, k) to see
0= Rivejii + Ritjie + Rivke; = C(@ijike — Giksj) O

Thus ¢ij;x = ¢ik;; and assertion (4) holds. We use assertions (3) and (4) to see that
if a # b, then

¢ao¢;b = ¢ab;a =0.
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Similarly, if o # 3, we may use assertions (2), (3), and (4) to compute:

¢ao¢;,8 - ¢aa;ﬁ - ¢o¢ﬁ;a = 0.

Assertion (5) follows. We prove assertion (6) by computing:

Gijik =(Ve, @)(€i,€5) = exdleis €5) — d(Ve,€is€5) — dlei, Ve e5)
=Y, Tri*oler,e5) — >, Trjtd(es, er)
==, Twi? 5905 — >, Thi*0iges
= — D'rijoj — ijidi

=Dkij (6 — ;).

It now follows that ¢ua:k = Tkaa(0a — 0a) = 2Ikaa, thus e = %gzﬁm;k. Note
this also provides another check that ¢up., = 0 and ¢agr = 0 as 6; — 6; = 0 if
(,7) = (a,b) or (i,7) = (a, B).

We now prove assertion (7), we set I := 1(1£¢) to be orthogonal projection
on Fyi. To show F, is integrable, we must show g([eq, €p], o) = 0. We compute:

9([eas €], €a) = 9(Ve,e6 — Vey€a,€a) = Taba — Thaa = 3(Pbasa — Paab)-

This vanishes trivially if a = b; we use assertion (5) to see this still vanishes if

a # b. The argument is the same to show F_ is integrable where we also use the

symmetry given in assertion (2).

We now prove assertion (8). Let a # 5. We use assertions (1) and (3) to
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compute
Rappasa =Cia(Paadps — Papdsa)
+ C(Paa;a®ps + PaaPppa — PapiaPas — PapPpsaa)
=C.000aPs3 = €a3C.q-
Rapaas =Cip(baadpa — Paadga)
+ C(¢aa;698a T PaaPBaif — Pac;5PBa — PaaPBa;s)
== Caa®pa,p = €aCPpa;p-
Ragapia =Cia(Papdpa — Paadss)
+ C(dapiaPpa + PapPpaua — Paaadss — PaaPsp;a)
= — Copgdaa,a = €8CPaa;a-
Roapasa =Cia(Paabap — PapPaa)
+ C(baa;aPap + Paabapa — PapiaPaa — PapPaaa)
=0.

We now use the second Bianchi identity with (i, 7, k,¢,n) = (o, 8, 5, o, a) to see
0 = RagBaza + Rapaa;s + Rapasia = €a€3C.a +€aCdga:8 + €8CPaasa-
Thus C., = —C{eg@ga;8 + €aPaa:a }- We relabel the indices to see
Rocaa:p = €a€aC.p and Rogasia = €aCPusia-
We now use the second Bianchi identity with (i, j, k, ¢, n) = (o, a, a, a, 3) to see
0 = Rogaa:8 + Raaasia + Raapaza = €a€aC.8 +€aC0usia-

Assertion (8) now follows. We replace ¢ by —¢ and interchange the roles of the

greek and roman indices to derive assertion (9) from assertion (8).



92

To prove assertion (10), we suppose r— > 3. Choose «, (3, and 7 distinct, we

compute:
Rypvia =Cialdyydps — dy898+)
+ C(Dyy;a988 + P17 PBBia — PyBiaPBy — Pr8PByia)
=CiaPyyPpp = €466 50
Rypyaip =Cip(Pyadsy — dyydpa)
+ C(Dra:6¢0y + Prabprip — OryvipPpa — PyyPpass)
=0.
Rygapy =Ciy (915080 — Pyadpa)
+ C(P1p:7Ppa + SysDsasy = PraiyPpa = PraPsaiy)
=0.
We now use the second Bianchi identity with (i, j, k, ¢, n) = (v, 3, 8,7, @) to see

0 = Rygpy;a T Rypryaip + Bypapiy = €468C -

Thus C., = 0. Similarly if r4 > 3, then we have C.,, = 0.
To prove assertion (11), we suppose ry > 2 and r— > 2. We show VC = 0
and V¢ = 0 as follows. For fixed a, since r_— > 2, we may choose a # (3. We use

assertions (2), (4), and (8) to see that

Cia = =C{epPpap + €aPaaiat = —Clepdppia + cadaaia} = 0.

Likewise, for fixed «, since r > 2, we may choose a # b. We use assertions (2), (4),
and (9) to see that C., = 0. Thus VC = 0. Moreover, we use assertions (3) and (5)
to see that ¢;;,, = 0 for all 4, j, k. Thus V¢ = 0. Consequently, we use assertion (6)

to see that I';,, = %(baa;i = 0. Thus the distribution F is parallel and

0 =g(R(ea,€q)a,€a) = Ceuendada = —Ceyeq.
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So C' = 0 which is false. This completes the proof. [J

6.1.12 Proof of Theorem E. Assume m > 10. Let (M, gps) be an IP pseudo-
Riemannian manifold. Suppose the curvature tensor R at P € M is of C-¢ type,
we apply Lemma 6.1.11 to see that r(¢) < lorr_(¢) <1. O

Theorem 1.3.3 constructed warped product metrics ds3, = dt* + f(t)ds% on
the product between an interval I C R and a Riemannian manifold N of constant
sectional curvature K which are IP. Furthermore, the warping function f(t) takes
the form f(t) = Kt? + At + B, where A, B are auxilliary constants. Notice this
construction corresponds to the case 4 = m — 1 and r— = 1 in Theorem E.

Let R be the associated algebraic curvature tensor; R(m) has constant eigenvalues

{0,+v/—1C} where C = 4’Cff_2A2. If 4KB — A? = 0, then this metric is flat.
We therefore assume that 4B — A% # 0. We now generalize the construction
of Gilkey, Leahy, and Sadofsky, and of Ivanov and Petrova to higher signatures.

Topological suspension is a way of increasing the dimension. We introduce an

analogous construction in the next section.

§6.2 Constructing Rank 2 IP Metrics Via Suspension

In §6.1, we have shown that R¢ 4 is not geometrically realizable by a C-¢ type
IP metric if dim £, > 1 and if dimE_ > 1. Conversely, in Theorem F we use a
warped product construction to give a C-¢ type geometric realization of Rc 4 by
an IP metric if dim Fy <1 or if dim £_ < 1. For clarity, we change our notation
slightly at this point:

6.2.1 Definition. Let x = (1, ..., Zp, Tpy1, ..., Tp+q) be the usual coordinate on

RP? so that the standard metric takes the form given in §1.1.3:

_|_
9(p,q) (x, y) = - le Ty + ?:;J_H TiYi.
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Let
(6.2.1.a) Sedipq) (b, @), (£,)) =€ - tT + g (@, ) where e = £1

be the suspension of the metric g, ). We let X.RP? be RPTa+1 with this metric.
Note that ¥ g(, ) is a metric of signature (p,q + 1), and that X_g(, o) is a met-
ric of signature (p 4+ 1,¢q). The first coordinate plays a distinguished role in our

investigations. Let ¢ be an unipotent (of order 2) isometry of RP*?. We set

(6.2.1.b) . (6) = (g 2)

For C # 0, we have defined Rc 4(x,y)z := C{g(¢(y), 2)p(x) — g(o(z), 2)d(y) }. We

now define
(621C) EgRC’(;b = RC,ES(QS)-

By Theorem D, ¥.R¢ 4 are IP algebraic curvature tensors. Similarly, we suspend
a metric on a manifold N (p, q) using a warped product construction.

6.2.2 Definition. Let ds?\,(nq) be a metric of constant sectional curvature K
on a manifold N(p, q) of signature (p,q). Let f-(tf) be nonzero smooth real-valued

functions defined on a connected interval I C R. Let
(6.2.2.a) Sedsyy g = €dt® + fo(H)ds%i 0

define warped product metrics of signatures (p,q+ 1) and (p+1,q) on I x N(p, q).
Let N(p,q) be a manifold of signature (p, q) which has constant sectional cur-
vature . We now determine the necessary and sufficient condition of the warping

functions f.(t) so that the resulting suspended metrics are nonconstant sectional
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curvature IP metrics of rank 2. Before beginning the proof of Theorem F, we es-
tablish a technical lemma. Fix a point P of N(p,q). We choose local coordinates

x = (2!, ...,2PT) on N(p,q) so that
gii(P) =&; = %1, g;;(P) =0 for i # j, and g;,x(P) = 0.

We let indices i, j, k, £ range over 1 through p + ¢ and index the coordinate frames
{0; = %} and {dz’} for the tangent and cotangent bundles of N(p,q). Let
Oy 1= %. These are not orthonormal frames. Let g, V,I" and R be defined by the
metric on N (p, q).

6.2.3 Lemma. Let f.(t) := e*<). Let ©g,°V,°T" and °R be defined by the
suspended metrics Z£Sdsfv(p7q) on I x N(p,q) given in equation (6.2.2.a). We have
(1) SR(8;,0;, Ok, O)(t, P) = 2= {K — eh2e®'<}eie; (81001 — Sirdje)-

(2) 2R(8;, 00,0, 0;)(t, P) = —e*"< {h. + h2}e:6i;.

(3) The curves t — (t,x) are unit speed geodesics.

Proof. We have R(0;,0;, 0k, 00)(t, P) = Keiej{0ied;jr — dir0;¢}. Recall that
Fuvw == %(a’ung + 8Uguw - a’u}guv) and Puvx - gmy ' Fuvy

where these indices range between 0 and p + q. We use these identities to see that
for i, j, k, £ ranging over 1 through p + ¢
(1) We have °T;j5 = I';jr and T';;% = T';;*.

(3

)
(2) We have Tk (t, P) = Ti;i(t, P) = 0 and °T;;*(¢, P) = [';;*(¢, P) = 0.
) We have onj (t P) —Erijo(t, P) = ;LEGZhESZ‘(SZ‘j.

)

(4) We have °T,0(t, P) = =g*" - °Tpu(t, P) = —eh.e?"e£;6,y,.
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(5) We have °T';o*(t, P) = cg*™ - *Ty0u(t, P) = heepe;0;0. We use these relations to

prove assertion (1) by computing:

“R(0;, 04,0k, 00)(t, P)

= {"9((°V5,°Va, —“V5,°V,)0k, 00) }(t, P)

= {*9(°Vo, (°Tjx" - 0u),00) — “g(*Va, (Tix" - 0u), 0¢) } (¢, P)

= {(8:°Tjx" — 07T + T - “Tio™ — Tir” - “Tj0™) - “g(On, ) } (¢, P)
={(0:Tj%" — 9;Ti" +°Tj1° - “Tio™ — “Tir” - °Tjo") - “9(On, 90) } (¢, P)

= {e*"* (Rijue + c0(°Tj0 - “Tio" — T - “T50")) } (¢, P)

= {ezhs(Rijkﬁ + z—:g[(—ehg)ejéjkezh%gsiéig — (—ehg)sfiéikezhsSgsjéﬂ])}(t, P)

= {62h5 (IC — €h§€2h5)€i€j (61'65]']@ — 5ik5j£)}(t; P)

Since ¢g(°Vy, 0y, 0p) = %aﬁg(@o, o) = 0 and since

EFZ‘OJ‘ (t, P) = Eg(EVai(?O, 8j)(t, P) = {}L5€2h85¢5ij}(t, P),

we have: Vy,00(t, P) = h.0;(t, P). We prove assertion (2) by computing:

“R(0;, 00,00, 05)(t, P)

= {¢9((°V5,°V 9,00 — *V,°V,00), 0;) } (t, P)
= —{*9(°V,°V 0,00, 0)}(t, P)

= —{°9(*Va,(h<0;), 0;)}(t, P)

= —{*9(hed; + ="V 2,0, 0;) }(t, P)

= {—(he + h2)°9(8;,0)}(t, P)

= —{e*e (he + h2)Yei044(t, P).
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We prove assertion (3) by computing:
*9(*V 9,00, 00) = 200°9(00, Bp) = 0;
*9(*Va,00, 0;) = —g(d0,“V5,0;)
= —“9(0o,“Va,0)

= —50:°9(00,00) = 0. O

6.2.4 Proof of Theorem F. We begin with normalizing the coordinate frame

{0y = %,&' = 8%} by setting eg := 0y and e; := e "9, for i > 1. Since f. is a
nonzero smooth function defined on a connected interval I, by replacing gy by —gn
if necessary, we may assume f. > 0 on I; so we may set f.(t) = e?"<®). Thus we
have

_ e

L Y
he = %%(lnfs)— 2. an = M

d h. =
Af2
We use assertions (1) and (2) of Lemma 6.2.3 and normalize the bases to see that

ER(QZ‘, €j, €5, ei)(t, P) = (K€_2hs — Ehz)EiSj

£ (LY
(6.2.4.a) - ﬁ_g(gfs) yeies

_ 4’Cfs _Ef.azg‘g,.
4f52 1<

ER(ei, €0, €0, ei)(t,P) = —(}'LE + hg)EiS
_ 2f;5f5 _2f52 fs 2
__{74]22 + (2f5) teie
2f'€fs _fs2 o

= — e

412

(6.2.4.b)

(6.2.4.c) “R(ei,ej,ex,ee)(t, P) =0 for (i,7) # (k, ) and (¢,7) # (¢, k).
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Assume f.(t) = eKt? + At + B for 4KB — eA? # 0. We use equation (6.2.4.a)

to see that
4 t2 + At + B) — ¢(2eKt + A)?
ER(eiaejvejvei)(tvp) = K:(glc i +4f2 g( K * ) g’iej
(6.2.4.d) :
AKB — cA?
— 4f2 Eigj-

We use equation (6.2.4.b) to see that

2(2eK)(eKt? + At + B) — (2eKt + A)?
412

€R(€i,€0,€0,€i)(t,P) = - &€

(6.2.4.¢)

_ AKB — e A?

4f2 ;€.

Let C. := %. Let

€

—eg ifu=0,
eu Hl1<u<m.

o) = {
We use equation (6.1.4) to see that *R = R, 5_(4) are rank 2 IP algebraic curvature
tensors and that the suspended metrics ¥/< ds?\,(nq) are rank 2 IP metrics. Moreover,
equations (6.2.4.d) and (6.2.4.e) imply the suspended metrics do not have constant
sectional curvature.
Conversely, we assume the suspended metrics de dsf\,mq) are IP. We use equa-
tions (6.2.4.a) and (6.2.4.b) to see that

4ICfE_Ef€2 ) _Qfsfs_eff

if2 gigj =o0({ 172 }eie) where o = £1.

Case 1. Suppose 0 = 1. Then

4Kf5_5f52 . Qfsfs_gff
o &i€j = — 5 &if.
Af2 Af2

We compute the sectional curvature of the 2-plane 71 := Span{e;, e;} to be

gR(ei, ej, Gj, ei) . 4]Cf5 — €f€2
glei,ei)g(ej, e;) — gles, ej)? afz -




99

We compute the sectional curvature of the 2-plane w9 := Span{e;, eq} to be

“R(ei, o, €0, €;) _ C2fefe —ef?
g(es,ei)g(eo, e0) — g(es, €0)? 4f2

Thus the metrics give constant sectional curvature.

Case 2. Suppose o0 = —1. Then

41Cf5 _5f52 Qf'sfs_efg
Tgiej = TSZ‘E.

Since the nonzero eigenvalues of “R(e;, €;) and ° R(e;, eo) are identical, we must have
f6 = 2eK; this implies f.(t) = eKt?+ At+ B. Furthermore, we compute the nonzero
eigenvalues of *R(w) are ey/—1C. where C. = %. Thus if X/ ds?\/(p,q) has

rank 2, then 4KXB — €A% # 0; this proves Theorem F. [

§6.3 Proof of Theorem G

In this section, we complete the proof of Theorem G. We begin with some
notational conventions and a technical lemma. Let ¢ be an unipotent (of order
2) isometry of RP'4. We adopt the notational conventions established in §6.1.10.
Let y := (y%,...,y™ 1) be local coordinates on a leaf of the foliation F_. We use
T'(t,y) := exp¢(tei(y)) to define local coordinates on M™. We adopt arguments of
Gilkey, Leahy and Sadofsky [48] to prove

6.3.1 Lemma. Let m > 4. Let g be an IP metric of rank 2 which is C-¢ type
with ¢ an unipotent (of order 2) isometry. Let R := Rc,y. Assume r4 = 1.

(1) For any a, C., =0, C.y = —2CeqP10:0, and Ly15 = —%z—:aéagC’_lC’;l.
(2) For fized yqg, the curves t — T (t,yo) are unit speed geodesics in M™ which are

leaves of the foliation F .

(3) For fized to, the hypersurfaces T'(to,y) are leaves of the foliation F_ and inherit

metrics of constant sectional curvature.
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(4) Locally the metric on M™ is given by ds* = e1dt? + f(t)dsz where f(t) is a
nonzero smooth function defined on a connected open interval I C R and ds%

18 a metric of constant sectional curvature .

Proof. Since r; =1 and m >4, a =1 and r_— > 3. We use Lemma 6.1.11 (10) to
see that C., = 0. Since r_ > 4, we may choose «, 3, distinct, and we use Lemma

6.1.11 (8) to see that

Ci= _C{Eﬁ¢ﬁl;5 + 5a¢a1;a} = _C{€7¢71;W + 56!925041;6!}7 S0 £50p1;8 = ExPyliy-

Thus C;; = —2CeqPa1.0- We use Lemma 6.1.11 (2), (5), and (6) to see that
Falﬁ = %(blﬁ;a = %6aﬁ¢1a;a = %(bal;a = _igaéaﬁc_lc;b

Assertion (1) follows. Clearly I'1;; = 0 and by Lemma 6.1.11 (6), (8), and (10) we

have

1—‘1104 = %qsla;l = 0510_10;(1 =0.

This shows the integral curves for e; are unit speed geodesics; assertion (2) now

follows. We now compute:
0rg(0y,0Y) = 9(8, V,0%) + g(04,V 9,0;) = g(r, V,0%) = 5049(0r, ;) = 0.

Thus 0; L 0Y. this shows 0Y span the perpendicular distribution F_ and the
hypersurfaces T'(tg,y) are leaves of the foliation F_. We need some additional
notation at this point. Let X,Y be vector fields on the leaves of the foliation F_.
Let L(X,Y) := VxY —II_VxY be the normal component of VxY. We have

L(eq,e3) = g(L(eq,ep),e1)er = e1lqapier. Let R_ be the associated curvature
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tensor of the induced metric on the leaves of 7_. We use the Gauss-Codazzi equation
to see that
R_(eq, €3, €y, es) =R(eq, €8, €y, es) + g(L(ea, e’y)a L(eﬁa €s))

— g(L(ea, €0), L(eg, €4))
=R(eq, €8, €y, 60) —1(Tgy1la10 — Tarq1lp10)-
We use assertion (1) to see I'gy1l015 — ay1I'515 = 0; assertion (3) now follows.
It remains to show that the metric g is locally a warped product. We express
94 = ). aarey. We compute:
9(Va,08,05) =9(Vay 01, 0p)
:9(27 aa’yvevata 3%)
=2, ar9(Ve, 013, agoes)
=5 0 e 1309(Ve Ory )
=2 .0 Gaytpoly10
== iC‘IC;l(ZW €x0yatay o)
== iC_lc;l(ny,a Exlayaay)
= — iC"lC;lgaﬁ.
On the other hand, we have
0rg(04, 05) =29(V oy 0, 03)
=243 = —%z—:a&agC_lC’;l
=— 2C7'C1 gap.
Since C~!'C.; depends only on the parameter ¢, the metrics g is locally given by
ds? = e1dt? + f(t)dsz.. O

6.3.2 Proof of Theorem G (2). We now use steps 1 through 7 outlined in §1.4.2

to complete the proof. [
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§6.4 The Orthogonal Equivalence of the Curvature Tensors Rc 4

We conclude this chapter by giving necessary and sufficient conditions in Theo-
rem 6.4.5 that R¢c 4 and R, j are orthogonally equivalent. We first introduce some
additional notation.

6.4.1 Definition. If 1 is an isometry of RPY and if R € ®*(RP?) , then we define
the pull-back 4-tensor Y* R by

(" R) (2, y, 2, w) = R((2), ¥(y), ¥ (2), Y (w)).

Note that R is an algebraic curvature tensor if and only if ¢* R is an algebraic
curvature tensor; R is IP if and only if ¢* R is IP. This gives the natural action of
the isometry group O(p, ¢) on these tensors. We say that R and R are orthogonally
equivalent if and only if there exists 1 € O(p, ¢) so ¥*R = R.

Both the Ricci operator and the Jacobi operator will play an important role in
this section. We recall their definitions briefly.

6.4.2 Definition. Let p be the Ricci tensor defined by an algebraic curvature

tensor R. We have:
p(z,y) == Tr(z — R(z,2)y) = g” R(e;, z,y, €;).

This tensor is symmetric. In the Riemannian setting, p(x,z) is the average
sectional curvature of all the 2-planes containing x. Let p be the associated endo-

morphism:

This is characterized by the identity:

9(p(z),y) == p(x,y).

The eigenvalues of p are orthogonal invariants.
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We recall from §1.5.1 the definition of the Jacobi operator J(z) : y — R(y, z)x.
We also recall that g(e;, e;) = €;e; and ¢(e;) = d;e; where e; = +1, 6; = £1. We
omit the proof of the following lemma as it is an immediate algebraic consequence
of Lemma 6.1.4 and the above definitions.

6.4.3 Lemma. Let {e;} be a normalized orthonormal basis. Let R = Rc,y define
p,p, and J.

1) Ifi# j, then p(e;,e;) = 0. We have p(e;,e;) = Ceid; 5, ;.

P
)
9) If6; = 1, then j(e;) = Clry — 1 —r_)e;.
3) If 6; = —1, then pe;) = Clr— — 1 — 1 )e;.
)

(
(
(
(4) Ifi # j, then J(e;)e; = Ce;d;65e5. We have J(e;)e; = 0.
Fix an idempotent isometry ¢ of RP9. Let
®:={rc R”?: |z =1an J(z)has ignvalus +Con zt},

S(Ey):={r € Ey:|z|>=1} and N(Ey) :={z € Ey : |z|* = 0}.

We show the space & is homotopy equivalent to SP+~! L SP-~!. Since the homo-
topy type of & is an orthogonal invariant, the unordered pair (p4,p_) is also an
orthogonal invariant of R¢ 4.
6.4.4 Lemma.
1) The space & is homeomorphic to S(E;) x N(E_) UN(E4) x S(E_).
2) The space N (Ey) is contractible.
4) The space S(E_) is homeomorphic to SP-—1 x RI-.

(1)
(2)
(3) The space S(E,) is homeomorphic to SP+~1 x R+,
(4)
(5)

The space & is homotopy equivalent to SP+~1 11 §P-—1,

Proof. We decompose RPY = E, @& E_, and we identify RP*9 with the Cartesian
product E, x E_. We first show & C S(E, )xN(E_) UN(E,)xS(E_). Let x € &.

Decompose = x, + x_ for x4+ € E4. Since |z|?> = 1, we have |z |> + |z_|> =1
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To show z € S(E+) x N(E_) UN(E}) x S(E_), it suffices to show either x, or x_
is a null vector. Suppose the contrary. We choose a normalized orthonormal basis
{e;} for RP"? so that zy = aje; and that x_ = asey, where a3 # 0 and as # 0.

Then we have:
(6.4.4.a) 1= |z * +|z_|? = ae1 + a3eq.

We compute: J(x)ez = C{g(px, z)des—g(des, x)px} = C{d3(a3e; —a3ez)es}. Since

e3 1 x and since x € &, we have:

(6.4.4.b) ale] — ajey = £1.

If a3eq + a3es = 1 and a?e; — a3e; = —1, then we add equations (6.4.4.a) and

(6.4.4.b) to see that 2a%e; = 0, so a; = 0 which is false. If a2e; + a3e; = 1 and
ale; — a3es = 1, then we subtract equations (6.4.4.a) and (6.4.4.b) to see that
2a3e2 = 0, s0 az = 0 which is false. Thus & C S(E.) x N(E_) UN(Ey) x S(E-).

Next, we show & 2 S(Ey) x N(E_) UN(E;) x S(E_). Suppose © = x4 +z_
where |z, |? = 1 and z_ is a null vector; the other case is similar as one can replace
¢ by —¢ to interchange the roles of 1 and r_. We choose a normalized orthonormal
basis {e;} for RP? with ey = 1,69 =1,e3 =—1;61 =1, o = —1 and J3 = —1 so
that © = e; +a(ez +e3) for some constant a. We complete the proof of assertion (1)
by showing x € &. If i > 3, then we use Lemma 6.4.3 to see that J(z)e; = Cd;e;.
Hence we must show the eigenvalues of J(x) on the three dimensional space spanned

by {e1,e2,e3} are {0, —C, —C}. We have from the definition that
J(2)y =R(y, z)x = Cg(¢(x), 2)¢(y) — Cg(d(y), ©)d(x)
=Cyg(e1 —alez +es),e1 + alez +€3))o(y) — Cy(d(y), )d(x)

=C(y) — Cg(9(y), e1 + aez + ae3)(e1 — alez + e3)).



105

We compute the action of J(z) to be:

J(z)(e2 + e3) = C(o(ez) + d(es))
— Cyg(o(e2) + ¢p(es), e1 + aes + aes)(e; — aez — aes)
= —C{(e2 + e3) — g(ea + €3, €1 + aes + aez)(e; — aex — aes)}
= —C(e2 + e3),
J(x)(e2 — e3) = C(g(e2) — ¢(es))
— Cyg(gp(ez) — P(es),e1 + aes + aes)(e1 — aey — aes)
= C{e3 —ez) — gles — e2,e1 + aey + aez)(e; — aes — aes)}
= C{e3 — e2) +2a(e; —ales +e3)}
= C{es — e3) + 2a(e; + ales + e3) — 4a’(ex + e3)}
= C{2ax — 4a*(ea + e3) — (e2 — e3)}.
Thus J(z) is represented by an upper triangular matrix relative to this basis:
(0 0 0)
(6.4.4.c) Jay=| 0o —c o |.
2aC  —4a’C —-C

We use matrix (6.4.4.c) to compute the characteristic polynomial:

A 0 0
(6.4.4.d) det(A — J(z)) = det 0 AX+C 0 = A\ +0)%
—2aC  4a’C X+ C

We use equation (6.4.4.d) to see the eigenvalues of J(z) are {0, —C,—C}. This

completes the proof of assertion (1).

Let I := [0, 1]. We prove assertion (2) by constructing the deformation retract

Hy : N(E+) x I — N(E+) by Ho(z,t) := (1 — t)x; geometrically speaking, we are
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sliding each null vector along the null cone to the origin. We prove assertions (3)

and (4) by constructing a homeomorphism H. : SP+~! x R%*+ — S(E.) by

Hy(u,v) := (/14 |v|?u,v).

The final assertion now follows. [

We can now characterize the curvature tensors Rc 4 up to orthogonal equiva-
lence in the following statement:

6.4.5 Theorem. The following assertions are equivalent:
(1) Rc4 and Re 4 are orthogonally equivalent.

(2) C = C and ¢ is orthogonally equivalent to +¢.

Proof. Up to orthogonal equivalence, we see that ¢ is determined by the 4-tuple
(p+,4q+,p—,q-); —¢ corresponds to (p—,q_,p+,q+) since we must interchange the
roles of £y and E_. We shall need to take this Z5 action into account. It is clear
that assertion (2) implies assertion (1). To show that assertion (1) implies assertion
(2), we must show that C' is determined by orthogonal invariants of R¢ 4 and that
the tuple (p4,q+,p—, q—) is also determined by orthogonal invariants of Rc 4 up to
the Z5 action described above.

By Lemma 6.4.3, pc,4 has eigenvalues A\ := C{ry —1 —rz} , where A+ has
multiplicity ro. We distinguish two cases.
Case 1. Suppose the Ricci operator has two distinct eigenvalues Ay. This implies
that ry # r_. By replacing ¢ by —¢ if necessary, we may assume r; > r_. Thus
A4 is the eigenvalue with the greater multiplicity and is an orthogonal invariant.
Since F/4 can be identified with the eigenspaces of pc 4, the signature of the metric

g restricted to EL is an orthogonal invariant. Thus the 4-tuple (p+,qy,p—,q—) is
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an orthogonal invariant. Finally, note that A, + A_ = —2C, so C' is an orthogonal
invariant.

Case 2. Suppose the Ricci operator has only one nonzero eigenvalue. This implies
that 7, =r_. So r+ = . We can not eliminate the Z; ambiguity at this point.
Note that A = A_ = —C, so C' is an orthogonal invariant. We apply Lemma 6.4.4
to determine the unordered pair (p4,p—). And we use the relations gy = r — py,

p— =q— p+, and g = p — g+ to fill in the rest of the 4-tuple. 0O
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APPENDIX A

SOME COMBINATORIAL LEMMAS

q q
A.1 Lemma. Given 2-adic expansions a = Z a;2" and b = Z b;2'. Then
i=0 i=0

q
(Z) = H (Zl> mod 2.
Proof. We define

()1 ()=o) o () -

= 1+ 2% mod 2, using induction, we see that

Since in the ring Zs[z], (1 + x)?
(1+ x)zj =1+2% mod 2. Thus,

(14 2)* = (142)7%% = f[(1 +a2?)e =] [Z (i)xﬂ] mod 2

=0 =0

Notice the coefficient of the term z® in this product is precisely given by ﬁ (ZZ>
Our claim now follows. [J =
A.2 Lemma. In the cohomology ring
H*(Gro(RY); Z3) =2 Zo[wy, wo] /wi- = 0, for i >q—1,

we have qu_l = w‘f_l if and only if q 1s a power of 2.

Proof. Suppose g = 2% for some s > 1. We apply Lemma (4.1) in Monk’s paper [70]

L el
to see that wy— ) = wy .
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Suppose w;-; = wi™'. Since WE L = Y arobgt |:(a1—b> mod 2] wiwd, this
implies:
b is evenforalll<b<§_

Choose j € N so fchfut 2/ < g < 291, We see that the 2-adic expansion of ¢ is

given by ¢ = 27 + Jz: a;2" with the coefficients a; = 0 or 1. Let 0 < N < j so that

N := min {0 <1 ézj(') : a; = 1} be the first nonzero index. Suppose N < j, then the
i—1

2-adic expansion of ¢ reduces to g = 27 + jz: a;2" + 2N . Choose b = 2V < -1,

i=N+1
we may express

q—b—1=2"4a; 1277+ tany 2V -1

j—1
= ) (a+ D22V 4284241
i=N+1
j—1
By Lemma A.1, we have (q_z_l) = Hl =1 mod 2, which is false. Hence, N = j,
i=0

i.e. q is a power of 2. [

A.3 Lemma. Let ¢, = Za+b+c:q(u1 + ug)®ui Pus® in Zo[ui, ug). If $q = 0,

then q + 3 = 2° for some s.

Proof. For the convenience of the reader, we reproduce the argument from Stong

[84]. Suppose

q

(A3a) 0= (bq = Z(’U,l + ’U,Q)a Z UlbUQC € Zs [ul, 'ILQ].

a=0 b+c=q—a

We multiply equation (A.3.a) by (u1 + u2) to see that

0=¢, = Z Z (ur 7% 4 w7 € Zo[ug, ug).

a=0 b+c=qg—a
Hence,

q
0 = coefficient of u;* in Z(ul +1)%(uy T+ 1).
a=0



Thus (1 + )73 =14 492
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q 1 q
Z q+1 u + ) n Z(M +1)e
a=0
:uqﬂ{l—k(“}u—fl) 1} 1+ (ug + 1)+t
! 14 (utl) 1+ (uy + 1)

up +1 1
(5} (5}

= u—{ul[ ul ™ (un + DT 1 ( + 1))
= {u“l(l +uf) +uf ™+ 1}

_ _{(1 Fup)iR 1 4y
+2

_ qz (q + 3) utl

— . =1,
t=1

mod 2, and so ¢ + 3 = 2° for some s. [
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APPENDIX B

THE INTERSECTION LEMMA

B.1 Lemma. Assume q > 4.
(1) Let R be a rank 2 spacelike (or timelike) IP algebraic curvature tensor on RP9.

Let {x1, 2,23} be vectors in RP*Y which span a spacelike 3-plane. Then
dim[W7 (R(z1,2z2)) N Wi (R(z1,23))] =1 and
dim[Wl(R(acl, 1'2)) + Wl (R(l‘l, Z‘g))] = 3.

(2) Let R be a rank 2 mized Lorentzian IP algebraic curvature tensor. Let

{21, 29, 23} be vectors in R which span a spacelike 3-plane. Then
dim[Wi (R(z1,z2)) N Wi (R(z1,23))] =1 and
dim[W1 (R(z1, z2)) + Wi (R(x1,x3))] = 3.
(3) Let R be a rank 2 null IP Lorentzian algebraic curvature tensor. Let {x,y, z}
be an orthonormal set where y and z are spacelike vectors. Then
dim[Wi(R(z,y)) "N Wi (R(x,2))] =1 and

dim[W1 (R(z,y)) + Wi(R(x, z))] = 3.

Proof. Before dealing with the general case, we first establish a special case of the

Lemma. Let {z,y, z} be an orthonormal subset of spacelike vectors in RP-?. Let

Ty := R(x,y) and T3 := R(x, 2).
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We use the 1-parameter family 7 (6) := Span{x, cos(0)y + sin(6)z} for 0 € [0, 27| to
prove our assertion in this special case. The fact that the characteristic polynomial

of

R(7(0)) := cos(0)T} + sin(0)T>

is independent of 6 plays a crucial role in our discussion of this special case.

We have assumed that R does not change type. We first assume that R is
spacelike. By rescaling R we may assume R has eigenvalues {0, =v/—1}. Suppose
that dim[W;(71) N W1 (T2)] = 0. We then have dim[W;(Ty) + W1 (T»)] = 4. By
Lemma 5.1.1, we can find linearly independent unit spacelike vectors {uy, us, v, v2}
SO

(1) Wi(T1) = Spanf{uy,us} with uy L ug; Thu; = ug, and Thus = —uy.

(2) Wi(Ty) = Span{vy,va} with vy L vg; Thovy = vg, and Thvy = —vy.

(3) g(u1,v2) =0 and g(uz,v1) = 0.

Let a := g(u1,v1) and b := g(ug, v2). We compute:

Tivy = g(Thvr, wr)ur + g(Thor, ug)us = —g(v1, Thur)ur — g(vi, Trug)ug

= —9(U1,U2)u1 +g(v1,u1)u2 = aus.

Tyvy = g(T1v2, u1)uy + g(T1va, ug)up = —g(v2, Tiur)ur — g(va, Thuz)us
= —g(v2, u2)ur + g(v2, ur)uz = —buy.

Touy = g(Touy,vi)vy + g(Tour, v2)ve = —g(u1, Tovi)vy — g(ug, Tova)ve
= —g(u1,v2)v1 + g(uy, v1)ve = avs.

Toug = g(Tauz, v1)v1 + g(Taug, v2)ve = —g(ug, Tavi)v1 — g(uz, Tava)vy

= —g(ug,v2)v1 + g(ug, v1)ve = —buy.
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Thus
R(m(0))u; = (cos(0)T1 + sin(0)13)u; = cos(@)us + asin(f)vs,

R(7(0))ug = (cos(0)Ty 4 sin(0)Ts)us = — cos(8)uy — bsin()vy,
R(m(0))v1 = (cos 011 + sin 0T ) vy = a cos(f)us + sin(f)ve,

R(7(0))ve = (cos 0T} + sin 0Tz)ve = —bcos(0)uy — sin(0)vy.

Thus relative to the basis {uy, us, v1,v2}, R(7(0)) has the form:

0 — cos(0) 0 —bcos(0)
(B.La) R(x(6)) = coSO(H) L, s(j)n(g) a COOS(H) - 3121(9)
asin(0) 0 sin(6) 0

Since rank(R(w(0))) = 2 for all § € [0, 7], the determinant of all 3 x 3 minors must

vanish identically. Thus for all 6 € [0, 7] we have that

0 —cos(#) 0
(B.1.b) 0 = det ( cos(0) 0 acos(@)) = —cos?(#) sin(h)(a® — 1).
asin(0) 0 sin(0)

0 —cos(#) —bcos(0)
(B.1.c) 0 = det (cos(@) 0 0 ) = cos?(6) sin(6)(b* — 1).
0 —bsin(f) —sin(6)

We use equations (B.1.b) and (B.l.c) to see a® = b?> = 1. Note the metric on
Span{uq, ug, v1,v2} need not be positive definite, we can not apply the Cauchy-
Schwarz inequality. Let xg(A) be the characteristic polynomial of R(7(6)) acting on

the space spanned by {uj,us,v1,v2}; this space is R(w(6)) invariant and contains



the range of R(7w(6)). Thus yg(A) is independent of 6§ as R is IP. We compute:

A cos(0) 0 b cos(0)
—cos(6) A —a cos(0) 0
Xo(A) =det 0 bsin(0) A sin(6)
—asin(6) 0 — sin(0) A
A —cos(6) 0
=Adet (bsin(@) A Sin(ﬁ))
0 — sin(0) A

( —cos(f) —acos(f) 0 )
— cos(0) det 0 A sin(0)
—asin(f) —sin(0) A

—cos()A  —acos(0) 0
— beos(0) det ( 0 bsin(0) A )
—asin(6) 0 —sin(0)

=A[A(A? +sin?(0)) + a cos(0) \bsin(6)]

— cos(6)[— cos(0) (A% 4 sin?(0)) + a cos()asin?(0)]

— beos(8)[b cos(6) sin®(0) — A2asin(f) — a®bsin?(0) cos(6)]
=\ + \?[sin?(#) 4 cos?(#) + 2absin(6) cos(h)]

+ sin?(0) cos?(0)[1 — a® — b* + a?b?

=X* + A\%[1 + 2absin(f) cos(0)] + sin?(0) cos?(A)[1 + a?b* — a® — b?].

Since a? = b? = 1, we have that xg(\) = A\* + A\2[1 + 2absin(6) cos(9)].
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The

eigenvalues of the matrix (B.1.a) are {0,0,+v/~1}. So xs(A) = A + A2, This
implies 2absin(#) cos(f) = 0 for all § € [0, 7]. This is not possible as ab # 0. This

shows that
dim[Wi(R(z,y)) N W1 (R(x, 2))] > 1.

Suppose dim[W; (R(z,y))"W1(R(x, 2))] = 2. Then Wi (R(z,y)) = Wi (R(z,

We use Lemma 5.1.1 to see that 77 = £T5. It follows that R(m(¢)) = 0 for 6 = +7,

which is false. Thus we have dim|[W;(R(z,y)) N Wi (R(z, z))] = 1. This proves the

special case if R is spacelike; the proof is similar if R is timelike.
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We can now derive the general case from the special case discussed above. Let
{x1,x9, 23} span a spacelike 3-plane. We must further normalize this basis. We

apply the Gram-Schmidt process to define:

Fom B Ty — g(wo, 1)1 . w3 —g(w3,T1)T

= —— I9:= L T = —Z .
|~’01’7 ? |~’C2—9(502,501)501’7 ’ |503—9(~’C3,501)501’

Then span{z1, x2, x5} = span{Z1, T2, T3}. Furthermore, there are nonzero constants
¢y and cz so that R(x1,x2) = coR(%1,%2) and R(x1,x3) = csR(Z1,Z3). Thus by

replacing {x;} by {Z;} if necessary, we may assume without loss of generality that
lz;| =1, z1 L xo, and z1 L x3.

Again, we apply the Gram-Schmidt process. We define

_ T3 — g(w3, 2)wo
|903 —9(903,902)902|

Since x3 1 x7 and o L x1, we have that {x1, x2, w} is an orthonormal set. Further-
more, we may expand xg = cos(f)zs +sin(f)w for some 6 € [0, 27]. Since x5 and z3
are linearly independent, sin(f) # 0. Let T} := R(z1,z2) and Ty := R(z1,w). We

then have

T := R(x1,x3) = cos(0)T1 + sin(0)T> and T = csc(0)(T — cos(0)11).

We compute:
Wl(T) C Wl(Tl) + Wl(TQ), Wl(TQ) C Wl(T) + Wl(Tl), and
W (T) + Wi (To) = Wi (Ty) + Wi (To).

We apply the special case to the orthonormal set {x1,z2,w} to see that
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We next assume R is a rank 2 mixed Lorentzian algebraic curvature tensor.
For clarity, we use 7; to denote a unit timelike vector, and use o; to denote a unit
spacelike vector which is orthogonal to 7; so that Wy (T;) = Span{r;,0;}. Conse-
quently, there exist nonzero constants a; and b; so T;7; = a;0; and T;0; = b;7; where
g9(Titi,0;) = a; and g(T;04,7;) = —b;. Since T; is skew-symmetric, we have that
g(Titi,04) = —g(7i, Tyo;). Thus a; = b;, and T; has eigenvalues {0, +c}. By rescal-
ing R we may assume R has eigenvalues {0, +1}. The skew-symmetric operator T;
defines a unitary paracomplex structure on W1(T;)), i.e. T is unitary and T2 = 1.
Suppose that dim[W7(T1) N W1 (T%)] = 0. We then have dim[W,(T1) + W1 (T»)] = 4.
This enables us to find linearly independent unit vectors {71, 01, 2,02} so
(1) Wh(Ty) = Span{m,01}, T171 = 01, and Tyo1 = 73.

(2) W1 (Tz) = Span{7s, 02}, Tote = 09, and Thog = To.

Since dim[ri- "W (Ty)] > (m — 1) +2—m = 1, we can choose o3 | 7. Necessarily
09 is then spacelike; we normalize oo to have unit length and set 75 := Thoo. Thus
without loss of generality we may assume oo 1 71. Let A := g(m,72), B := g(72,01),

and C := g(o1,02). We compute:

Timo = g(T172,01)01 — g(Time, 71)71 = —g(72, Tro1)01 + g(T2, T171)T1
= —g(72,m1)01 + g(72,01)71 = —Ao1 + B1y.

Tiog = g(Thog,01)01 — g(Thoo, 7)1 = —g(02, T101)01 + g(o2, ThTi)T1
= —g(02, )02 + g(02,01)71 = CT11.

Tom = g(Tam1, 02)02 — g(Tam1, T2)T2 = —g(71, T202)02 + g(T1, TaT2) T2
= —g(m1,7m2)02 + g(71,02)T2 = —A0s.

Tro1 = g(Tz01,02)02 — g(T201, T2)T2 = —g(01, T202)02 + g(01, ToT2) T2

= —9(01»7'2)‘72 +9(01,02)72 = —Bos + Crs.
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Thus
R(r(0))ry = (cos(8) Ty + sin(0)Ta)m, = cos(6)oy — Asin(6)o,
R(m(8))o, = (cos(8)Ty + sin(0)Tz)oy = cos(6)71 + C'sin(8) > — Bsin(6)os,
R(m(0))72 = (cos(0)Ty + sin(0)Ty) 7> = B cos(8); — Acos(0)oy + sin(6)os,
R(r(0))o2 = (cos(8)Ty + sin(0)T2)o = C cos(0)r1 + sin(6) 7.

Thus relative to the basis {71, 01, 72,02}, R(7(0)) has the form:

0 cos(0) Bcos(f) Ccos(0)
B cos(0) 0 —Acos(0) 0
R(r(9)) = 0 C'sin(0) 0 sin(6)
—Asin(f) —Bsin(0) sin(0) 0

Since rank(R(w(#))) = 2 for all § € [0, 7], all 3 x 3 minors must vanish identically.

Thus for all 6 € [0, 7] we have that

0 cos(f#)  Bcos(f)
(B.1.d) 0 = det (cos(&) 0 —A cos(&)) = —cos?(0) sin(9) BC.
0 C'sin(6) 0

0 cos(f) Ccos(6)

(B.1.e) 0 = det (cos(@) 0 0 ) = cos?() sin(6)(C* — 1).
0 Csin(f)  sin(0)

cos(f) 0 —Acos(0)
(B.1.f) 0= det ( 0 C'sin(0) 0 ) = sin?(0) cos(0)(CA* — CO).
—Asin(f) —Bsin(0) sin(6)

We use equations (B.1.d), (B.1.e), and (B.1.f) to see A> = C? = 1, and B = 0.

Thus we have

0 cos(f) 0 C cos(0)
(B.1.g) R(m(0)) = CO%(H) C’si?l(@) —AC(;)S(G) sinO(H)

—Asin(0) 0 sin(0) 0



118
Let xo(A) be the characteristic polynomial of R(7(6)) acting on the space spanned by
{71, 01,72, 02}; this space is R(w(f)) invariant and containing the range of R(7(6)).

Thus xs(A) is independent of 6 as R is IP. We compute:

A —cos(0) 0 —C cos(6)
B —cos(6) A A cos(6) 0
Xo(A) = det 0 —C'sin(0) A — sin(0)
Asin(6) 0 — sin(0) A
A A cos(0) 0
=Adet [ —C'sin(0) A —sin(#)
( 0 — sin(0) A )

—cos(f) Acos(0) 0
+ cos(#) det ( 0 A — sin(0) )
Asin(f) —sin(0) A

—cos(6) A Acos(6)
+ C cos(0) det ( 0 —C'sin(0) A )
Asin(0) 0 — sin(6)

=AA(\? —sin?(#)) — Acos(0)(—AC'sin(h))]
+ cos(0)[— cos(0)(A* — sin®(0)) — A cos(#)(Asin*(6))]
4 C cos(6)[— cos(8)(C'sin?(6))
— M—=AAsin(0)) + Acos(0)(Asin(0)C'sin(0))]
= A 4+ A?[—sin?(0) — cos?(0) + 2AC sin(f) cos(6)]
+sin®(0) cos®(0)(1 + AC? — A% — C?)
=\ + \2[2AC sin(#) cos(8) — 1] + sin?(#) cos?(0) (1 + A2C? — A% — C?).
Since A? = C? = 1, we have that xs(\) = A\ + A\2[2AC sin(0) cos(f) — 1]. The
eigenvalues of the matrix (B.1.g) are {0,0,41}. So we must have xs(A) = A* — \2.
This implies 2AC sin(6) cos(f) = 0 for all § € [0, 7]. This is not possible as AC # 0.

This shows that

dim[Wi(R(z,y)) N W1i(R(x, 2))] > 1.
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We show similarly that dim[W7(R(z,y)) N Wi(R(x,2))] # 2. This completes the
proof of analysis of the situation when we are dealing with a spacelike orthonormal
set.

We can now derive the general case from the special case discussed above. Let
{x1,x9, 23} span a spacelike 3-plane. We must further normalize this basis. We
apply the Gram-Schmidt process to define:

.oz . wmo—g(w, )y . w3 —g(x3,71)T
1 = —, 2 = — ~ 7 3 = = —.
|21 |2 — g(@2, T1) 71 |3 — g(23, 1)1

Then span{z1, x2, x3} = span{Z1, T2, T3}. Furthermore, there are nonzero constants
¢y and cz so that R(x1,x2) = coR(%1,%2) and R(x1,x3) = csR(Z1,Z3). Thus by

replacing {x;} by {Z;} if necessary, we may assume without loss of generality that
lz;| =1, x1 L 29, and x; L x3.

Again, we apply the Gram-Schmidt process. We define

_ T3 —9(903,902)902
|5C3 —9(503,502)502’

Since x3 1 x7 and o L x1, we have that {x1, x2, w} is an orthonormal set. Further-
more, we may expand xg = cos(f)zs +sin(f)w for some 6 € [0, 27]. Since x5 and z3
are linearly independent, sin(f) # 0. Let 17 := R(x1,x2) and T := R(z1,w). We

then have

T := R(x1,x3) = cos(0)T1 + sin(0) T and T = csc(0)(T — cos(0)11).

We compute:
Wl(T) C Wl(Tl) + Wl(Tg), Wl(TQ) C Wl(T) + Wl(Tl), and

Wl(T) + Wl(TQ) = Wl(Tl) —+ Wl(TQ).
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The lemma now follows by applying the special case to the sapcelike orthonormal
set {x1,xq, w}.
Let R be a rank 2 null IP Lorentzian algebraic curvature tensor. Let {x,y, z}

be an orthonormal set where y and z are spacelike vectors. Note that
7(0) := Span{z, cosfy + sin 6z}

is nondegenerate for all € [0, 7] and the type of the plane 7(#) does not change.

Since R has only the zero eigenvalue, for any 6 € [0, 7], R(m(0)) € s05'(1,q). Let

¢ € R be a unit timelike vector. We apply Lemma 4.1.2 (2c) to see that
Wi(R(z,y)) = Span{R(z,y)¢, R*(z, y)¢}
Wi (R(x,2)) =Span{R(z, 2)¢, R%(x, 2)¢}

We assume the lemma fails and argue for a contradiction.

Suppose that Wi (R(z,y)) N Wi (R(z, z)) = {0} . We use the identity
dim[W1 (R(z, y))] + dim[W1 (R(z, 2))] = dim[W1(R(z, y)) " W1 (R(z, 2))]

+ dim[W (R(z, y)) + Wi(R(z, 2))]
to see that dim[W7(R(x,y)) + W1 (R(z, z))] = 4. Consequently, the vectors

{R(z,9)¢, R(z, 2)¢, R*(2,y)€, R*(z, 2)¢}

are linearly independent. By Lemma 4.1.2 (2d), R?(x,y)¢ and R?(x, 2)€ are nonzero
null vectors. We use Lemma 4.3.1 to see that the null vectors {R?(z, y)¢, R?(x, 2)£}
are linearly independent if and only if g(R?(z,y)¢, R*(z,2)€) # 0. There exist

constants «; and 3; , for ¢ = 1, 2 so that:

R(xa Z) (R(xa y)é) = Ole(x, Z)f + O‘2R2($7 Z)f,

R(z,2)(R*(z,y)€) = Bi1R(x, 2)& + B R*(w, 2)€,
oy e IR@YE R, 2)8)
' |R(x, 2)§|? ’

9(R?(z,y)€, R*(x, 2)¢)
| R(z, 2)¢[?

pr = # 0.
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The coefficient (31 is crucial. Consider the following system of equations:
R(z,y+ 2)(§) = Rz, y)€ + R(z, 2)¢,
R(z,y+ 2)(R(x,9)€) = a1 R(x, 2)¢ + R*(x, )€ + aa R*(x, 2)€, and
R(z,y + 2)(R*(z,y)€) = Bi1R(x, )€ + G R?(, 2)E.

Relative to the basis {R(z,y)¢, R(x, 2)€, R%(z, y)¢, R?(x, 2)€}, we write the coeffi-

cient matrix associated with the above equations as:

1 1 0 0
0 (0] 1 (D)
0 B1 0 B
Notice this matrix contains the 3 x 3 submatrix whose determinant is
1 1 0
det | 0 a3 1] =-0#0.
0 61 O

Thus, rank R(x,y + z) > 3, which is false.
Next we suppose that dim[W;(R(x,y)) N W1(R(z, z))] = 2. This implies

Range R(x,y) = Range R(z, z).

We can express

R(z,2)¢ = aR(z,y)¢ + SR*(z,y)E.

Since R(xz,y)¢ is spacelike, a # 0. So R(x,z — ay)é = BR?(z,y)¢ is a null vector.
This contradicts Lemma 4.1.2 (2d). Hence dim[W;(R(z,y)) N W1 (R(x,z2))] = 1.

The remaining assertion now follows. [

We can now improve Lemma B.1 slightly by removing the restriction that
span{xy, o, x3} is spacelike.
B.2 Lemma. Let R be a rank 2 spacelike (or timelike) algebraic curvature tensor

or let R be a rank 2 mized Lorentzian algebraic curvature tensor. Let {x1,z2,x3}
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be linearly independent vectors in RP? so that span{xi,xs} and span{xi,x3} are

spacelike 2-planes. Then
dim[W1(R(z1,22)) N Wi (R(z1,23))] =1 and

lel[Wl(R(afl, 332)) —+ W1 (R($1, 563))] = 3.

Proof. Let 71 := Span{z1,z2} and 7y := Span{z,x3}. By Lemma 5.2.2, we have
,C(IL'l) C Wl(R(Wl)) N Wl(R(’/TQ)) Thus dim[Wl(R(IL'l,l'g)) N Wl(R(l'l,l'g))] > 1.

Suppose the Lemma fails. Then Wi (R(m)) N W1 (R(m2)) is 2 dimensional so

(B2a) Wl(R(T('l)) = Wl(R(T('Q))

Let {x1,y;} be an orthonormal basis for the spacelike 2-planes m;. Let E be the
span of {y1,y2}. If E is spacelike, then {x1, 1,42} spans a spacelike 3-plane and

(B.2.a) contradicts Lemma B.1. We distinguish two cases:

Case 1: Suppose that E is mixed. Choose a unit timelike vector z € F so that

z L y1. Then {yi, 2} is an orthonormal basis for E. We express

y2 = cosh(0)y; + sinh(0)z for some 6 where sinh(6) # 0.

Let Ty := R(z1,y1) and Ty := R(z1,z). By rescaling we may assume R has
eigenvalues {0, £1/—1}. The operators 77 and cosh(0)T} + sinh(0)T, are rotations
through 90° in the same subspace and they vanish on the same orthogonal com-
plements. Thus T} = +(cosh(6)T; + sinh(0)T>) and thus T is some nonzero mul-
tiple ¢ of T7. Let ¢ be any angle and let y(¢) := cosh(¢)y; + sinh(¢)z. Then
R(x1,y(¢)) = (cosh(p) + csinh(p))T1. The eigenvalues of R(x1,y(p)) are then

dependent on ¢ which is false as y(0) L = is a unit spacelike vector.
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Case 2: Suppose that E is degenerate. Choose 0 # z € E Nyi. Since E is
degenerate, z is null. We may express yo = €(y; + dz) where ¢ = £1 and d is
a nonzero constant. Let 77 := R(x1,y1) and Ty := R(z1,z). By rescaling we
may assume R has eigenvalues {0, £1/—1}. The operators T} and (T} + dT») are
rotations through 90° in the same subspace and they vanish on the same orthogonal
complements. Thus +7) = ¢(T} + dT5) and thus again T3 is some nonzero multiple
d of T1. Let ¢ € R and let y(¢) := y1 + @z. It is then clear that the eigenvalues
of R(z1,y(¢)) = (14 ¢d)T} are independent of ¢ only if d = 0. Thus we conclude
R(x1,z) = 0. We express z = e(w; + we) where wy and we are unit spacelike
and timelike vectors respectively. We then have R(zq,w;) + R(x1,ws) = 0. Let
w(t) := cosh(t)wy + sin h(t)wy be a 1-parameter family of unit spacelike vectors.
The eigenvalues of R(z1,w(t)) = (cosh(t) — sinh(¢))R(x1,w;) are then dependent

on t which is false. This completes the proof of the lemma. [
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